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Call it nonsense if you like, but I've heard
nonsense, compared with which this would be
as sensible as a dictionary!

Lewis Carroll, Through the Looking Glass
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Abstract

We study the complexity and rewritability of ontology-mediated
queries (OMQs), that is, database queries enriched with semantic
information. Our focus is on temporal data, where database facts
are timestamped and ontologies are specified in description logics or
datalog extended with operators of linear temporal logic.

For queries mediated by such ontologies, we analyse the com-
plexity of evaluation in two scenarios: when both the query and
the database are given as input, and when the query is fixed while
the database varies. These correspond to the combined and data
complexity perspectives in query answering.

Related is the problem of rewritability checking—the task of de-
ciding whether an OMQ can be rewritten into a standard database
query, so that query answering with respect to an ontology is
“packed” into a finite formula executable by a conventional database
engine. In this thesis, we study this problem for ontology languages
where rewritability is non-trivial, since it is not always guaranteed.

Our results are both positive and negative. For TEL®, a tempo-
ral extension of the description logic ££ with the operators O/O~
(next /previous time), we prove that OMQ answering is undecidable,
but identify two new fragments where it is tractable. The proofs and
algorithms rely on a novel correspondence between TEL® ontologies
and conjunctive grammars, a generalisation of context-free gram-
mars by the operation of intersection.

To further clarify the expressive power of our ontology languages,
we introduce a logic in the temporal DL-Lite family, and show that
rewritability into standard languages is undecidable precisely due to
the interaction between the temporal and description logic compo-
nents.

Finally, for temporal datalog, we obtain a complete and decidable
classification of linear connected queries with O/O~, from which we
derive procedures for checking rewritability into various standard
languages. In contrast, we prove that rewritability becomes unde-
cidable when operators ¢/{~ (once in the future/past) are allowed.
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Chapter 1

Introduction

1.1 Relevance and scope

During my bachelor studies, I took a course in statistics. “One day”,
the professor told us, “you will graduate from here. And then all of
you will have to work with big data”.

Indeed, data is the core resource of the computing industry. The
amount of data being produced and stored worldwide is enormous,
and enterprises across industries rely heavily on querying this data
for analysis.

At the same time, in practice, data is often fragmented or incom-
plete, limiting its usefulness. The framework of ontology-mediated
queries addresses this by introducing a semantic layer that unifies
heterogeneous sources and enables inference over missing facts [Xiao
et al., 2018|. This approach is gradually making its way to industry:
successful pilot projects were conducted with applications to pre-
dictive maintenance in Siemens, a German industrial automation
company [Kharlamov et al., 2014], and to data integration in Sta-
toil (now Equinor), Norway’s leading energy company [Kharlamov
et al., 2017]. More recently, Novo Nordisk, a Danish pharmaceuti-

1



2 Chapter 1. Introduction

cal company, adopted the ontological approach to standardise and
interlink R&D data, improving reuse and query response times in
pharmaceutical research [Tan et al., 2025].

Orthogonally to that, the industry faces the challenge of man-
aging data that evolves over time. Many application domains are
inherently temporal: clinical data shows patient’s conditions and the
effects of treatments progressing over time; financial market prices
fluctuate; contracts and legal regulations hold during particular pe-
riods; observations in scientific experiments are timestamped. In
many cases, it is important to store and analyse the whole history of
changes in its entirety [Tansel et al., 1993, Snodgrass, 1999]. Data
models that account for this, such as dynamic networks, are suc-
cessfully used for representing a variety of processes and systems,
including virus transmission [Husein et al., 2019, Wu et al., 2022],
transport networks [Ran and Boyce, 1996, social media [Skyrms
and Pemantle, 2000], supply chains [Xu et al., 2019], and power
grids [Schéfer et al., 2018].

When one wants to work with heterogeneous and incomplete
temporal data, the two challenges reinforce each other: semantic
reasoning is usually harder in the temporal setting [Artale et al.,
2017].

This thesis focuses on the theoretical foundations of ontology-
mediated query answering over temporal data. Our study concerns
the computational complexity of key reasoning tasks, in particular
the inference of implicit facts by leveraging semantics, and query
answering relying both on explicit and inferred information. The
results that we present, on the one hand, delineate the limits
of applicability of the framework in temporal settings, showing
cases where reasoning becomes computationally intractable or even
undecidable. On the other hand, we also identify cases where
efficient reasoning is possible.

In the remainder of this chapter, Section 1.2 provides a historical
account of temporal reasoning, Section 1.3 then examines in more
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detail the problems addressed in this thesis, and Section 1.5 outlines
our contributions and the structure of the thesis.

1.2 Temporal logic, sea battles, and data

Questions about the logical status of statements about time are much
older than modern logic. A classical example is Aristotle’s sea battle:
if one says today that there will be a sea battle tomorrow, in what
sense is this statement true or false already today, before tomorrow
has arrived? (See also Lowe [1980]) More generally, the puzzle is
whether the truth of statements is fixed by the world as it is now, or
affected by how events will in fact unfold. This problem intrigued
philosophers for centuries and reappeared in later discussions, in-
cluding medieval debates on future truth and necessity and early
modern accounts such as those of Leibniz [Kretzmann et al., 1982,
Murray, 1995|. In the twentieth century, these questions were taken
up in a more systematic way within mathematical logic, moving
from isolated philosophical examples to formal systems. At the gen-
eral level, Tarski’s work on truth, logical consequence, and model-
theoretic semantics provided the technical machinery for studying
such systems with mathematical precision: logical formulas could
be evaluated in structures, and time itself could be represented as
part of that structure [Tarski, 1943, 1983, Etchemendy, 1988]. One
early formal system specifically aimed at temporal reasoning was
proposed by Los [1947], who treated truth as relative to a temporal
position: instead of saying simply that a formula is true, one could
say that it is true at a given moment or interval of time [Tkaczyk
and Jarmuzek, 2019]. Around the same period, Lukasiewicz [1988]
proposed a many-valued logic in which statements about an open
future need not be simply true or false [Wolenski, 2019].

A more direct starting point for what is now called temporal
logic is the tense logic of Prior [1967], who introduced modal opera-
tors for the past and the future and built systematic proof systems
around them, using them to formalise arguments about time and to
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discuss metaphysical questions about the nature of temporal truth.
His work showed that the temporal reading of such operators can be
treated with tools similar to those used in modal logic, and that it is
possible to reason formally about time without reducing everything
to arithmetic on timestamps. Subsequent work refined the semantic
side, for example by giving possible worlds semantics and by relat-
ing tense operators to more fine-grained notions such as until and
since [Kamp, 1968].

In computer science, temporal logic appeared in a particularly
visible way through the work of Pnueli, who proposed linear tempo-
ral logic, LTL, as a specification language for programs that react to
their environment rather than simply compute a function on an in-
put [Pnueli, 1977]. In this view, formulas of temporal logic describe
properties of infinite runs, such as that a request is always eventually
followed by a response, or that something bad never happens. This
line of work led to temporal logics becoming a standard formalism
in program verification and model checking, and it also triggered a
large body of research on the expressivity and complexity of tem-
poral logics over various classes of structures. For our purposes, an
important point is that temporal logics turned out to be rather ro-
bust: they support useful specification patterns while still allowing
for algorithmic procedures for verification.

This thesis is on ontologies and database theory, in particular
on reasoning with temporal data. In that setting, temporal logic
has long been viewed as a natural language for talking about chang-
ing information: rather than looking only at one database snapshot,
one can ask questions about the whole history of the data, for exam-
ple whether something eventually happens, whether it continues to
hold over time, or whether one event is always followed by another
[Chomicki and Toman, 1998]. This gave rise to a substantial body
of work on temporal query languages and temporal ontology lan-
guages, and on their expressive power, evaluation, and translation
into more standard database formalisms [Snodgrass, 1987, Chomicki,
1994, Chomicki et al., 2001, Artale and Franconi, 2005, Lutz et al.,
2008, Baader et al., 2013]. We therefore turn next to the general
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framework of ontology-mediated queries.

1.3 Ontology-mediated queries

An ontology-mediated query is a query accompanied by an ontology,
a formal description of the domain suitable for automated reasoning.
Typically, an ontology introduces a vocabulary of concepts (classes of
objects) and relations among them, together with logical constraints
on how they may interact. This enables users to formulate queries
directly in the ontology’s vocabulary while relying on the intended
semantics of its terms. The system then computes the answer by
reasoning with the ontology [Artale et al., 2009, Xiao et al., 2018].
For example, suppose we are given the following facts:!

Andrea is a researcher in 2025.
Andrea is Tiziano’s friend in 2025.

They can be represented using relation symbols Researcher and
friendOf, respectively, as

Researcher(Andrea, 2025) (1.1)

friendOf (Andrea, Tiziano, 2025) (1.2)

where the last argument captures the so-called timestamp of the
fact.

Further, suppose we would like to have an ontology that encodes

the following semantic property of the friendship relation [Deacon
and Mercury, 1986]:

Friends will be friends.

We may do it by means of a first-order formula augmented with the
temporal operator O (“always in the future”) of linear temporal logic
[Prior, 1967, Pnueli, 1977, Manna and Pnueli, 1991]:

Va Vy . friendOf (z, y) — O friendOf (2, y) (1.3)

I Any resemblance to actual persons is deliberate.
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2025 2026 2027 2028
Researcher
Andrea ° ) ) )
Q. :
S ;
Tiziano ® R ¥ k1

Figure 1.1: Given facts are shown by the node label and the solid
arrow, while dotted arrows represent facts that are entailed by the
axiom (1.3).

Now, the following queries can be formulated:

Who is a researcher in 2025¢
Who is a researcher in 20287
Who is Tiziano’s friend in 20287

Answering the first query amounts to a simple look-up, while for the
second we do not have enough information. The third query is more
interesting. Despite having no explicit data on Tiziano’s friends in
2028, we conclude from the fact (1.2), the axiom (1.3), and the fact
that 2028 is in the future of 2025 that Andrea is still a friend of
Tiziano in that year. Figure 1.1 illustrates the matter.

We formulate our ontologies using relational formulas extended
with temporal operators similarly to the formula (1.3). The full list
of operators we will use is as follows:

O (at the next moment) O~ (at the previous moment)
¢ (eventually in the future) ¢~ (some time in the past)
O (always in the future) O~ (always in the past)

Our temporal databases are finite sets of timestamped relational
facts of the form (1.1)-(1.2). An ontology-mediated query @ = (O, q)
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is a temporal relational formula g accompanied by an ontology O.
Intuitively, answers to ) over a temporal database D are all the
answers to ¢ that are entailed by the facts in D and the axioms

of O.

We will consider two basic scenarios of query answering and two
respective measures of computational complexity for this problem.

() Many queries, many databases. The most general setting
is when both the ontology-mediated query and the database are
given as input, and the task is to compute the set of answers to the
query with respect to the ontology and the database. This frame-
work captures the situation in which queries are posed dynamically
and databases are not fixed in advance, so that both parts of the
input may vary arbitrarily. The natural complexity measure for
this scenario is combined complerity, which accounts for the joint
contribution of the size of the database, the query, and the ontol-
ogy. Results in this setting provide upper and lower bounds on the
difficulty of ontology-mediated query answering as a computational
task.

(i1) One query, many databases. In some applications,
however, the same ontology-mediated query must be evaluated
repeatedly over changing data. The relevant complexity measure
in this setting is data complexity, which isolates the cost of query
answering as a function of the database size, treating the ontology
and the query as fixed constants. This viewpoint is especially
natural in practice, where the data are typically by far the largest
part of the input.

From the data-complexity perspective, a natural question is
whether an ontology-mediated query can be rewritten as an equiva-
lent standard SQL query. In that case, the ontology reasoning can be
compiled into the query itself and delegated to an existing database
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engine, benefiting from its optimisation mechanisms. Although such
rewritings are often difficult to compute, scenario (i4) makes them
particularly attractive, since the cost of rewriting can be amortised
over many future evaluations [Gottlob et al., 2011].

This thesis studies combined and data complexity of answering
ontology-mediated queries, and also the decidability and complexity
of rewritability checking, that is, deciding whether a given ontology-
mediated query admits a rewriting into a suitable target query lan-
guage.?

1.4 Background

The complexity of ontology-mediated query answering over ordinary,
non-temporal data is by now understood in considerable detail. In
datalog, ontologies are given by Horn rules that iteratively derive new
facts from existing ones [Ceri et al., 1989, 1990]. The outcome of
this reasoning process is called a (canonical) model: a complete pic-
ture of the facts that follow from the data and the ontology. Query
answering then asks whether a given fact is true in that model. For
datalog, this task is ExpTIME-complete in combined complexity and
P-complete in data complexity. Well-behaved fragments are also un-
derstood: linear datalog drops to P-completeness in combined and
NL-completeness in data complexity, while the non-recursive frag-
ment captures standard database queries such as select-project-join
queries, or, from the theoretical point of view, existential positive
first-order formulas [Abiteboul et al., 1995].

This leads to the optimisation question whether a datalog
ontology-mediated query can be replaced by an equivalent non-
recursive one. In the datalog literature, this property is called bound-
edness: intuitively, there is a uniform, data-independent bound on
the number of rule applications needed to compute all possible in-
ferences. In general, however, boundedness is undecidable, even for

?In practice, the task is to find a rewriting—but readers with a practical
mindset will likely have abandoned the text by this point.



1.4. Background 9

restricted fragments such as linear datalog over binary relations.
Decidability reappears only under stronger restrictions, for example
in monadic datalog, where all derived predicates are unary [Cos-
madakis et al., 1988, van der Meyden, 2000]. Another important
restriction is connectedness, which requires every rule to describe
one connected piece of data rather than several unrelated compo-
nents. This restriction significantly simplifies the analysis of datalog
queries, but by itself it does not restore decidability of bounded-
ness, although its exact effect in low arities, especially over binary
schemas, is not fully understood [Hillebrand et al., 1995].

Binary schemas are important because they provide a natural set-
ting for graph-shaped data. Description logics (DLs) were designed
for this setting: they speak about concepts, representing classes
of objects, and roles, representing binary relations between them
[Baader et al., 2010]. Unlike datalog, DLs are interpreted under
the open-world assumption, where the database gives only a par-
tial description of reality and the ontology may force the existence
of additional, unnamed elements. This changes the shape of mod-
els: reasoning no longer just infers new relations between objects,
but may have to enlarge the domain as well. At one end, logics
such as ALC and SROZQ allow rich Boolean structure, role hierar-
chies, and constraints on the in- and outdegree, at the price of high
complexity. At the tractable end, the DL-Lite family was designed
so that ontology-mediated queries are always first-order rewritable,
which is the terminological analogy of boundedness in the DL lit-
erature [Artale et al., 2009]. Between these extremes lie the Horn
description logics, most notably ££, which retain polynomial-time
query answering while allowing substantially richer ontologies than
DL-Lite [Baader et al., 2005, 2008].

For rewritability, £L is especially important because it remains
close in spirit to datalog. Despite the open-world semantics, £L£
ontologies can be translated into datalog programs that preserve
query answers. This creates a clear parallel between the two set-
tings, allowing the transfer of results and techniques. First-order
rewritability and rewritability to linear datalog for ££-based queries
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was shown to be EXPTIME-complete [Lutz and Sabellek, 2017, 2022].
For more expressive logics such as ALC, translations to monadic
disjunctive datalog and then to constraint satisfaction problems
(CSPs) make it possible to study rewritability via the theory of CSP
definability. This yields 2NEXPTIME-completeness of first-order
rewritability and a 3NEXPTIME procedure for datalog rewritabil-
ity, with a 2NEXPTIME lower bound [Bienvenu et al., 2014, Feier
et al., 2019].

Some of these ideas were later transferred to the tempo-
ral setting. On the datalog side, temporal extensions such as
datalog,g [Chomicki and Imielinski, 1988], which augments datalog
with the successor function on integers, and TEMPLOG [Abadi and
Manna, 1989, Baudinet, 1989], which adds Prior-style temporal op-
erators and is expressively equivalent to datalog,q, were introduced
to capture reasoning over both relations and time. More recently,
datalog y;r; extended this line of work to facts interpreted over in-
tervals [Walega et al., 2019, 2020|. In all these formalisms, one
again asks for the model generated by repeated rule application, ex-
cept that facts are now distributed over time. In the closed-world
setting of datalog, however, the temporal dimension remains rela-
tively tame: data complexity rises to PSPACE-completeness, while
combined complexity, for datalog,q and TEMPLOG, stays at the level
of EXPTIME. What is missing, however, is the analogue of the
boundedness theory, which was not systematically studied for these
temporal datalog languages.

What was studied instead is a notable model-theoretic property,
namely ultimate periodicity [Chomicki and Imielinski, 1988]. Intu-
itively, a temporal model is ultimately periodic if, after some finite
initial segment, the pattern of derived facts repeats with a fixed pe-
riod. This still allows infinitely many time points, but ensures that
the infinite set of consequences admits a finite representation. For
datalog,q, and therefore also for TEMPLOG, ultimate periodicity was
established as a general property of models under the closed-world
semantics. This is not an analogue of boundedness in a direct sense,
but it does provide a useful regularity condition for the analysis of
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queries through automata-theoretic techniques.

Temporal description logics bring the same questions into the
open-world setting, where models are much less constrained. Ex-
isting results mainly concern lightweight temporal DLs, especially
variants close to DL-Lite, and identify fragments for which low data
complexity is guaranteed, often via rewritability into temporal first-
order query languages [Artale et al., 2014, 2021]. More recent work
studies rewritability as a decision problem, for instance for pure lin-
ear temporal logic and for temporal DL-Lite ontologies that admit
suitable projections to LTL. There, ultimately periodic models again
play an important technical role, with automata and algebraic meth-
ods for regular languages as the main tools [Kurucz et al., 2023, Ar-
tale et al., 2022]. These results, however, remain confined to rather
restricted fragments close to DL-Lite.

At the other end, temporal extensions of expressive DLs such
as ALC quickly become computationally intractable, and in many
cases even undecidable, because they can encode complex tempo-
ral structures such as Turing machine computations or tiling prob-
lems [Artale and Franconi, 2005]. In that setting, the CSP-based
route that is so useful for rewritability questions in the atemporal
case is far less developed, and at present it does not provide a com-
parable approach to rewritability checking. A natural intermediate
case is temporal L, since in the atemporal setting £L£ occupies
exactly the point where expressive power and tractable reasoning
remain well balanced. Here a key result of Gutiérrez-Basulto et al.
[2016Db] established a close connection between temporal £L£ ontolo-
gies and datalog,g, echoing the atemporal connection between £L£
and datalog. The role of ultimate periodicity is much more delicate,
however: unlike in temporal datalog under closed-world semantics, it
was not known whether the relevant temporal ££ models are always
ultimately periodic, and the translation to datalog,;q was obtained
only under that assumption. Thus, the parallel with the atemporal
EL -datalog connection remained conditional. Moreover, even when
such a translation is available, the lack of rewritability results for
temporal datalog limits the transfer of techniques and results.
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Taken together, these results leave a fairly clear picture. In the
atemporal setting, the connection between datalog and £L supports
both complexity analysis and rewritability theory. In the tempo-
ral setting, the datalog side provides robust complexity bounds and
a general periodicity property, while the DL side offers rewritabil-
ity results mainly for fragments close to DL-Lite. For temporal
EL, the connection to temporal datalog is known only under an
additional periodicity assumption, and there is still no correspond-
ing rewritability theory on the temporal datalog side to match the
atemporal one.

1.5 Contributions and outline

Our main concern is how combining the relational and temporal
dimensions within a single ontology language changes the compu-
tational behaviour of ontology-mediated queries and the prospects
for their rewritability. Upon providing the technical background in
Chapter 2, we investigate in the next three chapters the theory of
query answering and query rewriting for temporal extensions of £L£,
DL-Lite, and datalog.

Chapter 3: Temporal ££. We start with TEL®, a temporal ex-
tension of the description logic £L£ with operators ©O/O~. This ontol-
ogy language was introduced by Gutiérrez-Basulto et al. [2016a], who
left open whether query answering is decidable. To answer this ques-
tion, we establish a correspondence between (fragments of) TEL®
and some specific kinds of formal grammars, in particular, conjunc-
tive grammars (context-free grammars equipped with the operation
of intersection). This connection implies that 7€L® does not possess
the property of ultimate periodicity of models, and further leads to
undecidability of query answering in 7£L°, thus closing the original
question negatively. On the other hand, the same link with gram-
mars allows to establish decidability of query answering for some
new interesting fragments of 7EL®, and to reuse for this purpose
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existing tools and algorithms known for conjunctive grammars.

Chapter 4: Temporal DL-Lite. The results on TEL® suggest
that even a “minimalist” two-dimensional language can be expressive
enough to make basic reasoning undecidable. On the other hand,
decidability for other languages known from literature usually relies
on strong syntactic restrictions which make the reasoning almost
one-dimensional. Our interest in this chapter lies in finding an ex-
ample of a language where basic reasoning is decidable, but where
the interaction of the two dimensions is strong enough to render
it difficult. We design a non-Horn logic in the temporal DL-Lite
family that allows a very limited form of temporal reasoning with
binary relations. We show that answering ontology-mediated atomic
queries in this logic can be done in polynomial space, but determin-
ing whether it is rewritable in some standard query languages for
temporal databases is undecidable. On the other hand, we show
(via a translation into monadic disjunctive datalog) that the same
problem is decidable when the temporal operators are removed from
the logic, highlighting that the undecidability result is a product of
two dimensions.

Chapter 5: Temporal datalog. We then restrict our atten-
tion to Horn logics, and consider (fragments of) TEMPLOG. We
obtain a complete and decidable classification of linear connected
queries that use operators O/O~ and derive complexity bounds for
rewritability checking to various query languages. In contrast, we
prove undecidability of such rewritability when queries are allowed
to use the eventuality operators ¢/{~, essentially reusing the ideas
of Chapter 4.

Chapter 3 is based on joint work with Camille Bourgaux and
Michaél Thomazo [Bourgaux et al., 2025], while Chapters 4 and 5
draw on collaborations with Alessandro Artale, Vladislav Ryzhikov,
and Michael Zakharyaschev [Artale et al., 2023, 2025]. Discussions
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of related work appear in the introductory sections of the individ-
ual chapters, and the results are summarised in their concluding
sections, followed by a general overview of our contributions and
directions for future work in the final Chapter 6.

An important aspect of our results is how we measure input
size, which in turn depends on how timestamps are represented.
Most earlier work on temporal reasoning assumes a unary encod-
ing of integers. Under this assumption, a temporal database is
viewed as a sequence of ordinary database snapshots—one for each
moment in time, without gaps—making automata-theoretic and
related methods particularly natural to apply. Our results adopt
this standard assumption, which does not hinder a meaningful
theoretical comparison of ontology languages. Recently, however,
a more practical setting of binary encoding has received consid-
erable attention, e.g. in [Furia and Spoletini, 2014, Brandt et al.,
2018, Walega et al., 2019]. In some cases, encoding integers in
binary (and thus exponentially more succinctly) merely causes the
corresponding exponential increase in the complexity of reasoning,
for example for bounded metric temporal logic [Bouyer et al.,
2008|]. In other cases, reasoning with binary-encoded numbers can
in fact yield procedures that are practically more efficient than
their unary counterparts [Walega et al., 2020]. We briefly return
to this issue when discussing future research directions in Chapter 6.

Beyond the intuitive ideas, most of our formal proofs rely on in-
duction and extensive case analyses. To keep the exposition clear,
we present examples, proof sketches, and some short proofs in the
main text, while longer formal arguments are deferred to the ap-
pendix. Bibliographic references and cross-references to chapters,
sections, theorems, and lemmas are all clickable.?

3That is, in the digital version; printed copies are generally less responsive.



Chapter 2

Preliminaries

We introduce in this chapter the notions and results—both classi-
cal and recent—that will be used in the subsequent chapters. In
Section 2.1, we cover the basic notions of theoretical computer sci-
ence: formal languages, machines, and complexity classes, and in
Section 2.2—formal grammars. In particular, we define and discuss
conjunctive grammars that we will work with in Chapter 3. Then, we
introduce temporal databases and query languages, in Section 2.3,
and logics for reasoning about temporal data, in Section 2.4. Fi-
nally, we cover temporal conjunctive queries and ontology-mediated
queries, in Sections 2.5 and 2.6, respectively.

As is usual for such material, the exposition is formal and dry;
the reader is advised to rehydrate regularly.

2.1 Basics

Notation. We use the standard denotations Z and N for sets of
integers resp. non-negative integers. Letters m,n, k,{ always stand
for integers. In general, sets are denoted with uppercase letters
and their elements with lowercase letters. Given a set A, with A™

15
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we denote the nth Cartesian product of A, defined inductively as
Al = A, and A" = A" ! x A for n > 1. Elements of A" are tuples
of length n. The symbol @ stands for a tuple (a1, ...,a,), and |[a| =n
is its length. Tuples of numbers are usually called vectors. We also
consider the empty tuple () of length 0, and A% = {()}. Sometimes,
it is convenient to associate a tuple @ with the set {ai,...,a,}.
Furthermore, if f is a function A — B and @ € A", we write f(a)
for the tuple (f(a1),..., f(ay)) € B™.

Formal languages. Any finite set 2 is called an alphabet. A se-
quence w = a1as...a,, where each a; € 2, is a word over 2; its
length |w]| is n. The empty sequence is denoted by &, with || = 0.
We write 2* for the set of all words over 2, including €. A language
over 2 is any subset L C 2*. For words u and v, their concatenation
is denoted by uwv.

Finite automata. A finite automaton over an alphabet 2 is a
quintuple A = (5,2, so, T, F'), where:

e S is a finite set of states,

e 59 € S is the wnitial state,

e T'C S x2Ax S is the transition relation,

e F' C S is the set of accepting states.

The size of Ais |A] = |S| + |T].

A run of Aon awordw = ajas...a, € A" is a sequence of states
p = SpS1...5p such that (s;—1,a;,8;) € T for everyi € 1,...,n. A
run p is accepting if its final state s, lies in F. A word w € 2A* is
accepted by A if A admits an accepting run on w. The language
recognised by A, denoted L(.A), is the set of all accepted words:

L(A) = {w € A" | A has an accepting run on w}.
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An automaton is called deterministic if its transition relation T’
is a total function S x A — S. Every nondeterministic automaton
can be transformed into a deterministic one that recognises the same
language. This is done by the subset construction [Rabin and Scott,
1959|, which may incur an exponential blow-up in the number of
states, and this bound is tight.

Turing machines and decidability. A Turing machine is a sex-
tuple M = (5,2, B, sg, sp, A), where:

e S is a finite set of states,

e 2 is an input alphabet,

e B D AU{0,1} is a tape alphabet,

® 50, sy € S are the initial and halting states,

e ACSxB xS xDBx{L,R} is a transition relation.

We assume that there is no transition (s, 8, ', 3, D) € A for s = sp,.
The machine is deterministic if A is a partial function S x B —
S x B x {L, R}, and nondeterministic otherwise.

Fix a blank symbol U € B\ 2. A configuration of M is a triple
(s,t,i), where s € S is the current state, t: Z — 9B is the tape
contents, and ¢ € Z is the head position. For an input word w =
ag...an—1 € A*, the initial configuration of M on w is (Sg, ty,0),

where
. a;, 0<j<n
tw(g) =9, )
LI, otherwise.

A computation of M on w is a sequence of configurations

(807t07i0)a(317t177;1)7~"7(3m7tm77;m) (21)

such that (sg,tg,40) is the initial configuration on w and, for each
{ < m,if
(seste(ie); Se1,be, Di) € A,
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then t,41 agrees with ¢, at every position except possibly iy, where
te+1(ie) = be, and

. i[ - 17 D@ = L7

7 =

7Y, +1, Di=R.
The number m is the length of the computation. A computation is
halting if s, = sp.

Every deterministic Turing machine M computes a partial func-
tion Fps: A* — B*. Namely, for w € A*, we define Fi(w) = u if M
has a (unique) halting computation on w which ends in a configura-
tion (sp, t,4) with i = 0, and there exists a word u = by ...b,_1 € B*

such that
. bj, 0<j<r,
t(j) = { !

L, otherwise.

If no such halting computation exists, then Fys(w) is undefined.

For a language L C 2*, let xr: 2* — {0, 1} be its characteristic
function. We say that a deterministic Turing machine M decides L
if Fiy = xr- In that case we also write

L(M) = {w e A* | Fy(w) = 1}.

We will use nondeterministic Turing machines only for deciding
languages. In that setting, a nondeterministic machine accepts an
input word w if it has a halting computation on w whose output
is 1. It decides a language L C 2A* if it accepts exactly the words in
L and halts on every input word w, i.e. there exists my € N such
that every computation of M on w has length at most mg.

For languages, one can equivalently work with two halting states
sq and s, instead of a single halting state and a binary output:
entering s, corresponds to output 1, and entering s, to output 0.

Boolean circuits. Let B be a set of Boolean functions. A Boolean
circuit over B with n inputs and k outputs is a directed acyclic graph
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whose nodes are called gates, with n designated input gates labelled
by the variables x1,...,x, and k designated and ordered output
gates. Each non-input gate v is labelled by a function f, € B of
some arity r > 0, and has exactly r incoming edges.

Given an input @ = (ay,...,a,) € {0,1}", the value of each gate
is defined inductively:

e an input gate labelled by x; has value a;,

e if a non-input gate v is labelled by a function f, and its prede-
cessors have values by, ..., b,, then v has value f,(b1,...,0b;).

The circuit computes the function
C:{0,1}" — {0,1}*,

whose value on input @ is the tuple of values of the output gates.
The standard basis is {A,V,—}. We will also consider, for each
m > 2, the modulo-m gates MOD,,,, defined by

MOD,, (by, ..., b,) =1 <= » b;=0 (mod m).
=1

A family {C},}nen of Boolean circuits with one output gate de-
cides a language L C {0,1}* if it computes its characteristic func-
tion. This is extended to languages over arbitrary finite alphabets
via a suitable binary encoding.

Complexity. For a function f: N — N, a Turing machine M runs
in time f if there is ¢ € N such that on every input word of length n,
any of its computations has length at most ¢ f(n). It uses space f
if 0 <i<c- f(n) in every configuration (s,t,4) of its computations
on every input word of length n.

We denote by DTIME(f) and DSPACE(f) the classes of languages
decidable by deterministic Turing machines in time resp. space f.
Their nondeterministic analogues are denoted by NTIME(f) and
NSPACE(f).
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Further, let exp(z,0) = z and exp(z,m + 1) = 2°P@&™) for all
m € N. The classes used in this thesis are:

P = | J DTmve(n"),
kEN

PSpace = | | DSpace(n?),
keN

EXPTIME = U DTIME(Q”k),
keN

m-EXPTIME = | | DTmvE(exp(n¥, m)),
kEN

m-EXPSPACE = U DSPACE(exp(n®, m)),
keN

L= U DSpACE(clogn),
ceN

NP = | J NTmve(n"),
keN

m-NEXPTIME = | | NTmve(exp(n®, m)),
keN
NL = | J NSpace(clogn).
ceN

We also use CONP, the class of languages whose complements
lie in NP. By the theorem of Savitch [1970], nondeterministic poly-
nomial space coincides with polynomial space, and more generally
m~nondeterministic exponential space coincides with m-exponential
space.

We also use circuit complexity classes. Let C' be a Boolean cir-
cuit. Its size is the number of gates of C, its depth is the length of
a longest directed path from an input gate to an output gate, and
its fan-in is the maximum number of incoming edges of any gate.

A family of Boolean circuits {C), }nen, where C,, has n inputs,
has polynomial size if there exist ¢,k € N such that C), has size at
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most ¢-nF for all n. It has constant depth if there exists d € N such
that C), has depth at most d for all n. It has logarithmic depth if
there exists ¢ € N such that C), has depth at most ¢-logn for all n.
It has fan-in r if every gate in every C), has fan-in at most 7.

Then, the class ACY consists of all languages decided by
polynomial-size, constant-depth Boolean circuit families over the
standard basis, with unbounded fan-in A- and V-gates. The class
ACCY is defined analogously, with the addition of unbounded fan-
in MOD,,, gates for all m > 2. Finally, NC' consists of all languages
decided by polynomial-size, logarithmic-depth Boolean circuit fam-
ilies over the standard basis with fan-in 2. The following inclusions
hold:

AC'C ACC’CNC'CLCNLC
C P C NP C PSPACE C EXPTIME. (2.2)

All these inclusions are conjectured to be strict, though this has been
proved only for the first one [Razborov, 1987, Smolensky, 1987]. We
also have

m-EXPTIME C m-EXPSPACE

and

m-EXPTIME C (m + 1)-EXPTIME,
m-EXPSPACE C (m + 1)-EXPSPACE

for all m.

Reductions and hardness. A many-one reduction from a lan-
guage L C A* to a language L' C A* is a function f: 2A* — 2A* such
that, for every w € A*, w € L <— f(w) € L.

Such a function is computable in polynomial time if there exists
a deterministic Turing machine M with F; = f that runs in time p
for some polynomial p. Analogously, f is computable in logarithmic
space if there exists a machine M with Fj; = f that uses space
clogn on every input word of length n, for some constant c.
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Let C be a complexity class. A language L is C-hard with re-
spect to polynomial-time (logarithmic-space, constant-depth) reduc-
tions, if for every language L’ € C there is a reduction from L’ to
L computable in polynomial time (resp. in logarithmic space or
by a constant-depth, polynomial-size Boolean circuit family). It is
C-complete if it is C-hard and belongs to C.

In what follows, we will understand NC!- and L-hardness with
respect to constant-depth circuit reductions; NL- and P-hardness
with respect to logarithmic-space reductions; and hardness for larger
classes with respect to polynomial-time reductions.

Decision problems. A decision problem is specified by giving a
class of input objects and a property to be tested on those objects.
Formally, this corresponds, under a suitable encoding, to a language
L C A* consisting of all words that encode objects with the required
property. Not every word in 2* must be a valid encoding, but such
details are usually omitted when they are clear from the context.
The notions of decidability, hardness and completeness are thus
transferred from languages to decision problems.

Graph 3-colourability is the following decision problem. Given
an undirected graph G = (V, E), decide whether there exists a map
c: V. — {1,2,3} such that c¢(u) # c(v) for every edge {u,v} € E.
This problem is NP-complete [Arora and Barak, 2009]. The lower
bounds already hold for connected graphs.

Counter machines. A k-counter machine (or Minsky machine)
is a quadruple M = (S, k, s¢, ), where:

e S is a finite set of states,
e k is the number of counters,

e 59 € S is the initial state,
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e §: Sx{0,1}F — Sx{—1,0,1}* is a partial transition function
such that, if §(s,p) = (¢',€), then p; = 0 implies &; > 0 for all
ie{l,...,k}

A configuration of M is a pair (s,¢) with s € S and ¢ € N¥. Define
sgn: N — {0,1} by

sgn(n) = {O’ n=0, (2.3)

1, n>0.

A computation of M on input ¢° is a sequence of configurations
(50,€%), (51,2%)s ..oy (8m,C™) (2.4)

such that for each i < m we have §(s;,sgn(¢?)) = (s;41,2°%) and
¢l =% £ 2. The number m is the length of the computation.

We say that M halts on input ¢° if there exists a computation
(2.4) ending in a configuration (8,,,¢™) with §(s,,sgn(¢"™)) unde-
fined. In that case, ¢™ is the output of M on ¢°. We say that M
halts if it halts on input 0 = (0, ...,0).

Theorem 2.1 (Minsky [1967]). It is undecidable whether a given
2-counter machine halts.

2.2 Formal grammars

We introduce conjunctive grammars [Okhotin, 2001, 2013], and their
subclasses of context-free and regular grammars.

Syntax. A conjunctive grammar is a quadruple G = (N,2, S, R),
where N and 2l are disjoint alphabets of nonterminals and terminals,
respectively, S € N is a distinguished start symbol, and R is a finite
set of rules of the form:

N = a&...&a, (2.5)
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with NN € N, n > 1, and a; € (N U2)*. Each «; is called a
conjunct. If a grammar has a unique conjunct in every rule, then
it is a context-free grammar, and if further this conjunct has form
either € or ¢ N/, for ¢ € A, N/ € N, then it is a reqular grammar
[Chomsky, 1956, Hopcroft et al., 2006]. When the start symbol is
not specified, we write G = (N, 2, R). Several rules with the same
left-hand side A can also be written as a single rule (with | used to
separate the right-hand sides):

N = o&... &ail|--~|a’fb& L& al?

MNm

The size |G| of G is the number of symbols needed to write it down.

Semantics. Intuitively, the semantics of conjunctive grammars
extends that of context-free grammars with intersection: given
rule (2.5), apply “in parallel” context-free rules N' — «; and take
the intersection of the generated languages. Formally, for every
X € NU2 and every word w € 2*, let X (w) denote the propo-
sition “w has property X”. A derivation in G is a finite sequence
Go,G1,---,Gm such that Go = {c(c) | ¢ € 2}, and, for each
i € {0,...,m — 1}, the set G;11 is obtained from G; by applying
the following deduction rule: add a single fact N (w) such that there
exists a grammar rule

N-osar & - &ay
in R, where each «; is of the form
a;=X{... X}, (20, X; e NUX),
and there exist words u; € 2A* such that

1 1 _.n n
ul...ukl—"'—ul...uk

while

Xi(uh), ..., X}, (up,) € G for every ¢ € {1,...,n}.
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For X € NU%2l and w € A*, we write G F X (w) if there exists a
derivation Gg, Gy, ..., Gy with X (w) € G-
For each N € N, define

LeWN) ={wed" [GFN(w)},

and the language of G by L(G) = Lg(S).

We call a language L C A* conjunctive, (context-free, reqular)
if L = L(QG) for a conjunctive (respectively, context-free or regular)
grammar G. A language is regular if and only if it is recognised by
a finite-state automaton [Arora and Barak, 2009].

Example 2.2 (Okhotin [2013]). The language {a"b"c" | n € N},
which is not context-free [Hopcroft et al., 2006], is generated by
G=({S,A,B,C, D}, {a,b,c},S, R) where R contains:

S — AB&DC

A — aAd|e B — bBc|e

C — cCle D — aDb|e
Indeed, from AB one obtains {a™b"c" | m,n € N}, and from DC

one gets {a*b¥c! | k,1 € N}. The intersection filters out ‘unbalanced’
words, forcing m=n=%k =1. —

The membership problem for conjunctive grammars is P-
complete.

Theorem 2.3 (Okhotin [2003, 2011]). Checking whether w € L(G),
for a given conjunctive grammar G and w € A*, is P-complete.

Parikh images. A set £L C 7" is linear if
L=A{b+kpy+ - +kipy | b, ... ki € N}

for some b € Z", called offset, and py, . ..,p, € Z", called periods. A
semilinear set is a union of finitely many linear sets:

S=LiU---ULy,
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Given an alphabet 2 = {¢y, ..., ¢, } enumerated in a fixed order,
let #c¢;(w) denote the number of occurrences of ¢; in w € A*. The
Parikh image p(w) of a word w is a vector w € Z™ such that u; =
#c;(w), for all 1 < ¢ < n. The Parikh image p(L) of a language L
is the set {p(w) | w € L}. It is easy to see that when L is regular,
p(L) is semilinear. A deeper result is the following.

Theorem 2.4 (Parikh [1966]). If L is context-free, then p(L) is
semilinear. Moreover, for any semilinear S C N" there exists a
reqular language L' such that S = p(L’).

A unary language L can be seen as a set of numbers given in
unary that coincides with its Parikh image: ¢® € L if and only if
n € p(L). Theorem 2.4 implies that a unary language is regular
iff its Parikh image is semilinear, and thus unary context-free lan-
guages are regular. However, unary conjunctive languages may not
be regular.

Example 2.5 (Jez [2008]). For the following grammar G, the lan-
guage Lg(N7) = {c*" | n € N} is not regular:

J\/1 — Nlj\/g & NQNQ | c
No = NN & NoNg | ce
N3 —  MNMNs & NgNg | cce
Ne — MNMN & NsN3

To understand the rules above, associate every word ¢ with the
number n, and each N; with the set {i - 4" | n € N}. Since
" = ¢"t* concatenation of words corresponds to the summation
of the respective numbers. The expression N N3 & NoNs encodes
the equation 4™ 4 3 - 4% = 2. 4! + 2. 4%, which holds if and only if
m =k =1 = s, when both sides become equal to 4**1. This newly
obtained number is assigned, by the first rule, to the set of ;.

Building on the idea behind Example 2.5, Jez and Okhotin [2010]
devised grammars encoding Turing machine computations, leading
to:
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Theorem 2.6 (Jez and Okhotin [2010]). Given a unary conjunctive
grammar G, it is undecidable whether L(G) is (i) empty, (ii) finite,
or (iii) regular.

2.3 Databases and query languages

2.3.1 Syntactic notions.

A signature ¥ = (Rel, Const) is given by a set Rel of relation sym-
bols R with associated arities m > 0, and a set Const, of constants,
which we assume to be disjoint from Z. The notation R(0) always
implies that the arity of R is |[o|. Syntactic objects (formal expres-
sions of a certain kind or finite sets of them) are built from relation
symbols, constants, other symbols (e.g., variables, connectives, tem-
poral operators, etc.) and integers. For any such object O, its size
|O] is the number of symbols required to write it down, where every
occurrence of a symbol counts as one, and integers are encoded in
unary (see the related discussion in Section 1.5).

2.3.2 Databases

A database D over a signature X is a finite set of facts of the form
R(ai,...,am), with a1,...,a, € Const. A temporal database D, in-
stead, is a finite set of timestamped facts of the form R(ay, ..., am,¥),
with £ € Z and R € Rel of arity m. We write min D and max D for
the minimal resp. maximal timestamps appearing in D, and tem(D)
for the integer segment [min D, max D]. The constants that appear
in D or D are called objects, the set of all objects of a (temporal)
database is denoted by obj(D) resp. obj(D). In general, the letters
D and D always denote non-temporal resp. temporal databases. We
omit the word “temporal” where it does not cause confusion.
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Homomorphisms. A homomorphism from D as above to another
database D’ is a mapping h: Const — Const such that

R(ay,...,am) € D implies R(h(a1),...,h(an)) € D’

Such a mapping is a homomorphism between two temporal
databases, D and D/, if for any £ € Z

R(ai,...,am,t) € D implies R(h(a1),...,ham), ) € D’

Queries and complexity measures. Database queries of the
form Q(Z,t) are formulated using query languages that we define
in the following sections. For each of these languages we define
the relation D = Q(a, k), saying “D satisfies Q(a,k)”. Here
@ € obj(D)® and k € tem(D)!. Query answering is the problem of
deciding whether D = Q(a@, k) holds. We distinguish two complexity
measures for this problem: for combined complexity, the size of
the input is |Q| + |D| + |a| + |k|, and for data complezity, it is
|D| + |al| + |k|, while Q is fixed.

2.3.3 First-order query languages with numerical
predicates

We define several languages based on first-order logic. The first of
them is FO(<, =) [Immerman, 1999].

Syntax of FO(<,=). Let X={z,y,...} and T = {¢,¢/,...} be
countably infinite lists of object variables and time variables, respec-
tively. We use Greek letters &£,n to refer to variables when we do
not want to specify their sort. We write £ for a tuple of variables
of length [£|. An object term o is either an object variable z € X or
a constant a € Const, while a time term 7 is either a time variable
t € T or an integer k € Z.
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Formulas of FO(<,=) are defined according to the follow-
ing BNF:

pu=T| Rlo,7) | 7<7 | 7=nT | ~p | oA¢ | Fz.© | Ftp

where R € Rel is of arity [o| and m > 0. An expression R(0,7) is
called an atom. It is a ground atom when it is a fact, i.e. when
0 C Const and 7 € Z. We use the standard notions of free and
bound variables and the abbreviations:

VY =-(mpAp) V6o =30 (2.6)

oY=V 1L=-T '
We write ¢(€) to highlight that & are exactly the free variables of (.
A sentence is a formula without free variables. We also write 3¢ and
V¢ as shorthands for 3¢, ... 3¢, resp. V& ... VE,.

Given formula o(Z,7',1,7 ), with |Z| = n and [f| = m, and two
tuples 0 and T of object and time terms of respective lengths, we
write ¢(0,7',7,1 ) for a formula obtained from ¢(z, 7, %, ) by sub-
stituting each free occurrence of z; by 0; and each free occurrence
oft;by 75,1 <i<n,1<j<m.

Semantics of FO(<,=). Fix a temporal database D and assume
all object and time terms belong to X U T U obj(D) U tem(D). An
assignment is a function a: XU T — obj(D) U tem(D) that maps
object variables to objects and time variables to timestamps. By a
slight abuse of notation, we extend a to all object and time terms,
so that a(a) = a and a(k) = k for a € obj(D) and k € tem(D). For
a € obj(D)Utem(D), we write a[a/&] to denote the assignment that
maps £ to a and coincides with a otherwise. We define the relation
E (“satisfy”) as follows.

D,a =T for any D and a (2.7)
D,a = R(0o1,...,0m,7) < R(a(01),...,a(on),a(r)) € D
DyaET<7 < a(r) <a(r) (2.9)
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DyaET=,7 < a(r)=a(r’) (mod m) (2.10)
D,a = —~p <= it is not the case that D,a = ¢ (2.11)
DyalEpi Aps <= D,al=p; and D,a |= @2 (2.12)
D,a = Jr.p < D,afa/x] |= ¢ for some a € obj(D) (2.13)
D,a = Jt.p < D,a[k/t] = ¢ for some k € tem(D) (2.14)

Note that D, a = ¢ holds or fails simultaneously for all assignments
when ¢ is a sentence. Accordingly, we write simply D = .

FO(<) is a fragment of FO(<,=) that disallows the modulo
comparisons 7 =,, 7. Note that all other order relations, i.e.
>, <, >, as well as equality, increment and decrement functions
+1 and —1 on time variables, and constants minD and maxD are
definable in FO(<). We will need two more extensions of FO(<)
that in fact subsume FO(<, =).

FO(<,MOD) extends FO(<) with quantifiers 3V¢, for all N > 1,
that are defined by setting D,a = 3Vt.¢(€,t) whenever the cardi-
nality of {k € tem(D) | D,a = (£, k)} is divisible by N. Note that
t =0 (mod N) is definable as IV¢'.(#' < t).

FO(RPR) extends FO(<) with relational primitive recursion
[Compton and Laflamme, 1990]. The latter is a limited form of
recursion, the analogue of primitive recursion on numbers, that al-
lows to define new predicates by unfolding them step by step along
the linear order on timestamps. Our definition follows that in Artale
et al. [2022]. We can construct formulas ¢(7,&1,...,&,) such as

Pl(glas) = 01(£1787P1(Zl7s - 1)7 <. .,Pn(Zn,S - 1)) _
¥(n,€)
P.(&n,8) = 0n(&ny s, Pi(z1,8—1),..., Py(2zn,s — 1))

where the part of ¢ within [...] defines recursively, via the FO(RPR)
formulas 6;, the interpretations of the relations P; in the FO(RPR)
formula v. The recursion starts at ¢ = 0 assuming that all P;(&;, —1)
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are false. Thus, the truth value of P;(;,0) is computed by substi-
tuting L for all P;(&;,—1). We allow the relation symbols P; to oc-
cur in only one recursive definition [...], so it makes sense to write
D = P;(a, k), for any tuple @ C obj(D) U tem(D) and k € tem(D),
if the computed value is “true”. Using thus defined truth-values,
we compute inductively the truth-relation D | ¢(8,@), and so
D |= ¢(B, @), as usual in first-order logic.

Note that FO(RPR) is a two-sorted logic, while the original
definition by Compton and Laflamme [1990] features time variables
only. To overcome this, Artale et al. [2022] employ the following
trick: enumerate obj(D) = {a1,...,a,} and associate each a; with
its number i € tem(D). The latter set can be extended, if needed, by
adding dummy facts R(a;,i), where R does not appear in D. With
this at hand, we regard the object variables in FO(RPR) as syn-
tactic sugar over the original logic by Compton and Laflamme [1990].

A first-order query is any formula »(Z,t) as introduced above.
Table 2.1 shows, in the first three columns, the data complexity of
the answering problem for such queries, i.e. the problem of checking
whether D |= ¢(@, k), for the four languages we defined. Recall that,
for data complexity, ¢ is fixed and the input is D, @ € obj(D)®l and
k € tem(D)!.

The expressiveness, i.e. the ability to define sets of the form
{(D,a,k) | D & ¢(ak)}, strictly increases from FO(<) to
FO(<,=), and then to FO(<,MOD), and is strongly believed to
further increase with FO(RPR) [Immerman, 1999].

FO. The standard one-sorted first-order logic, FO, is the fragment
of FO(<, =) without time variables. First-order formulas are natu-
rally interpreted over non-temporal databases. A formula ¢ is pre-
served under homomorphisms if D | (@) implies D’ = ¢(h(a)) for
any homomorphism A from D to D’. Every such ¢ is equivalent to
a positive ezistential formula of the form 3y.¢(T,7), where ¢ is a
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FO variants datalog (s, <)
< | <,=| <,MOD RPR linear full
ACP ACCY | NC'-comp. | NL-comp. | P-comp.

Table 2.1: Data complexity for query languages.

quantifier free-formula built from atoms using A and V only. Such
formulas correspond to unions of conjunctive queries, the basic class
of queries in database theory [Abiteboul et al., 1995]. This motivates
the vision of the logics introduced above as basic query languages
for temporal databases, although no result is known on the shape of
formulas preserved under homomorphisms.

2.3.4 Datalog

Datalog is a recursive query language for relational databases [Ceri
et al., 1989, 1990]. We consider a slight modification tailored to
temporal databases, which we denote datalog (S, <), where s stands
for the successor relation on Z: s(k,m) is true whenever m = k + 1.

Syntax. A rule of datalog(s, <) has the form
C(f, to) — Ry (ﬂl,tl) VANREIRWAN Rs(ﬂs,ts) A\ w(to,ﬁl, e ,ts) (2.15)

where T C u; U---Uug, R; and C are relation symbols and ¢ is
a conjunction of atoms of the forms s(t,t') and ¢ < ¢’ for ¢,t' €
{to,t1, ... ts}.

The part of the rule to the left of the arrow is called its head and
the right-hand side its body. A program, I1, is a finite set of rules. The
relation symbols that appear in rule heads of a program II are called
intensional, or IDBs, while the rest are extensional, or EDBs. The
respective signatures are denoted IDB(II) and EDB(II). Recursive
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rules are those that contain IDB atoms in their bodies, the rest are
called initialisation rules. When a program II is given, we assume
that all database facts are given using EDB symbols only. A program
is linear if every rule contains at most one intensional atom in the
body.

Semantics. Note that every such rule p can be read right-to-left
as an FO(<) formula p(€). We say that D satisfies a rule p(£) of the
form (2.15), if D = V€. p(€). Furthermore, we write (I, D) = R(a, ¢)
if R(a,l) € D', for every D’ that satisfies every rule of IT and such

that obj(D) = obj(D’), D C D'.

Queries. A datalog (s, <) query is a pair Q = (I, G), where G €
IDB(II) is called the goal predicate. Tt is called linear when so is II.
We write D = Q(a, £) whenever (II, D) = G(a, {).

For a fixed query, checking whether D = Q(@,¢) is P-complete
and NL-complete for linear queries. To see this, recall that stan-
dard datalog is the version of datalog (s, <) without time variables
and the respective conditions ¢. Every datalog(s, <) rule (2.15)
can be regarded as a rule of datalog if one sees variables ¢y and
t;’s as object variables and adds the relation symbols s and < to
the signature. Such a rule can be interpreted over a non-temporal
database Dp, with the domain obj(D) U tem(D), defined over a sig-
nature where arities of relation symbols are increased by one and
containing the facts of D plus the facts s(¢,¢ + 1) and (¢ < ¢') for
all appropriate ¢,¢ 4+ 1,¢' € tem(D). It is not hard to see that Dp
can be constructed from D by a constant-depth polynomial-size cir-
cuit. Therefore, answering datalog (S, <) queries essentially amounts
to answering datalog queries, thus inheriting the complexity of the
latter [Gottlob and Papadimitriou, 2003] and completing Table 2.1.

Note that the relation < can be expressed using S and recursion
in datalog (S, <) as follows:

(t <t') « s(t,t)
(t<t)«stt" YA <)
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However, making < an IDB relation may break the linearity
of certain linear datalog(s,<) programs. We also observe that
datalog (S, <) queries are preserved under homomorphisms, just like
standard datalog queries.

2.4 Ontology languages

The query languages of the previous section are meant to formulate
queries for evaluation over temporal databases. In this section, we
introduce logics for reasoning over structures with potentially infi-
nite domains and timelines. These logics handle time via temporal
operators rather than numerical predicates, allowing one to adapt
the intuition and the methods developed for the propositional linear
temporal logic, LTL [Prior, 1967, Pnueli, 1977, Manna and Pnueli,
1991]. We start by introducing first-order temporal logic, also known
as quantified temporal logic, QT L [Gabbay et al., 1994, 2005].

Syntax of QT L. We use again the set X = {z,y, ...} of variables
and the notion of an object term o € XU Const. A QT L formula is
an expression ¢ defined by the following BNF:

pu=T | RO | ~¢ | oANp | Fz.p | Op (2.16)

where O € {O,07,0,07,0,07}. We write 0", O € {O, 0,0}, fora
sequence of n symbols O if n > 0, of |n| symbols O~ € {O~,¢~,0°}
if n < 0, and an empty sequence if n = 0. As before, we use the
abbreviations (2.6).

Semantics of QT L are defined for temporal structures. A struc-
ture Z = (Az,-T) over a signature ¥ is defined by specifying a non-
empty domain Az and an interpretation function L that associates
each relation symbol R € Rel of arity m with a relation RZ C A
and each constant a € Const with a domain element aZ € Az. Note
that a propositional symbol P (i.e. of arity 0) is interpreted as either
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@ or {()}. We associate these with Boolean values L (false) and T
(true), respectively.

A temporal structure over ¥ is a family of structures J = (Zy)sez
that share the same signature, domain A5, and the interpretation
of constants. The indices ¢ are called timestamps. For clarity, we
denote individual structures Z; by J|; and interpretation functions
Ze by 9 and write J = (Ag,-7). Since a”f = a% for all a €
Const and £, 0" € 7, we write simply a”. The domain elements that
do not correspond to constants are called anonymous.

A homomorphism from Z to another structure Z’ is a mapping
h: Az — Az, such that h(a®) = o and (dy,...,d,) € RT implies
(h(dy),...h(dn)) € RT". For temporal structures, a homomorphism
from J to 3’ is such an h that is a homomorphism from J|, to J'|,
for every £ € Z.

The formulas of Q7 L are interpreted over temporal structures
relative to a timestamp. Given a temporal structure J, an assign-
ment is a function a: X — Ay. Additionally, we will assume that
a(a) = a” for a € Const. We define the satisfaction relation = as
follows:

J,0,al=T for any J,¢ and a (2.17)
J,0,ak=R(01,...,0m) <= (a(01),...,a(0,)) € R7Y  (2.18)
J,0,a =~ <= it is not the case that J,4,a = ¢ (2.19)
J, 0, a1 Aps < T, lalE ¢ and J,0,a = o (2.20)
J,0,a =3z < TJ,¢,a[d/z] = ¢ for some d € Ay (2.21)
JlaEOCp < J 0+ 1laE ¢ (2.22)
J,lal=0"¢p < Jl—-1lap (2.23)
J, 4,0 Op < 3,0 afk ¢ for some ¢/ > ¢ (2.24)
J,lalE0 ¢ < 3,0 ak ¢ for some ' <{ (2.25)
JlaEOp < J,0alEpforall ¢/ >¢ (2.26)
JbaEDO ¢ < Il aEpforall </ (2.27)
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When ¢ is a sentence, we omit the redundant assignment symbol
and write just J,¢ | .

Models and entailments. We say that a temporal structure J is
a model of a QT L sentence ¢, if 3,0 = ¢. Furthermore, J is a model
of a fact R(a@, (), if J,¢ = R(a) and a] # ajj» when a; # a;. The latter
requirement is a standard convention in logic-based approaches to
databases known as the unique name assumption [Brachman and
Levesque, 2004].

A QT L ontology O is a finite set of QT L sentences called az-
ioms. A (temporal) knowledge base (KB) is a pair K = (O, D) of an
ontology and a temporal database. The reason why we distinguish
between ontologies and databases is that we will actually be work-
ing with constant-free ontologies, so that databases will be our only
source of ground atoms.

A temporal structure 9 is a model of O if it is a model of every
@ € O; it is a model of a KB (O, D) if it is additionally a model of
every fact in D and a” # b” for all a,b € obj(D), a # b. A model M
of (O, D) is called flat when Agy = {a™ | a € obj(D)}. Consistency
checking is the problem of deciding whether a given KB has a model.

In general, the notation M = “X” means that 9T is a model
of “X”. Then, we say that O entails a sentence ¢, written
O E ¢, if MEO implies M = ¢. A knowledge base (O, D)
entails a fact R(a, (), written (O,D) E R(a,l), ift M = (O, D)
implies M = R(a, {).

Linear temporal logic (LTL) corresponds to the propositional
fragment of QT L. That is, LTL formulas are those QT £ formulas
that are built purely from propositional symbols. Consistency
checking for LTL knowledge bases is PSPACE-complete [Manna
and Pnueli, 1991]. Note that a ground atom R(a@) can be seen
as a proposition, and quantifier-free QT L formulas over ground
atoms — as LTL formulas. Sometimes, it is also convenient to see
constant-free Q7 L formulas built with a unique variable x and
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interpreted over a database with a unique object as LTL formulas.

The universal fragment of Q7L is that of formulas of the
form VE. (&), where ¢ is quantifier-free. Suppose O given in the
universal fragment and fix a finite set C' C Const. Then, O can be
grounded to an LTL ontology O’ by substituting variables in its
formulas in all possible ways with constants from C' and removing
the quantifiers. Thus, every KB K = (O, D) can be grounded to
an LTL KB K’ = (O, D), where the ground atoms in D are seen
as propositions. Then, K is consistent whenever K’ is consistent
[Ebbinghaus et al., 1994, Baader et al., 2010].

We note that already for the non-temporal fragment of Q7 L,
first-order logic, consistency checking is undecidable. We will use
QT L as an umbrella language, relying on its semantics to define
temporal extensions of two other relational formalisms: description
logics [Baader et al., 2010] and datalog [Ceri et al., 1989, 1990]. We
use the conventional syntax of these languages, although both can
be seen as fragments of Q7 L.

2.4.1 Temporal description logics

Temporal description logics (TDLs) are defined over a fixed signa-
ture ¥ = (Nc UNRg, N;), where N¢, Ng, and N; are countably infinite
sets of concept names, role names, and individual names. Concept
names have arity 1, and written in capital case, while role names
have arity 2, and written in lowercase. We will be mostly interested
in two TDLs: temporal £L£ [Artale et al., 2007, Gutiérrez-Basulto
et al., 2016a] and temporal DL-Lite [Artale et al., 2014]. The defini-
tion below follows that Artale et al. [2022] and provides a common
syntactic ground for these two logics.

Syntax. A role r is either a role name p or its inverse p—, with
r~~ identified with r. A concept C is either a concept name A or
an expression of the form Jr.A, called an existential restriction. A
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temporalised concept (respectively, role) has the form O*C' (respec-
tively, O*r), where O* denotes an arbitrary sequence of temporal
operators O, 0, 0,0, 0,07

A concept (role) inclusion takes the form:

P Moo Y E Y U oooo U Ppam (2.28)

where the 9; are temporalised concepts (respectively, roles). By
definition, an empty body (the left-hand side) amounts to T and an
empty head (the right-hand side) to L. An inclusion is Horn when
its head contains at most one disjunct and no operators ¢ or ¢,
and non-Horn, otherwise. Horn formulas enjoy several well-known
model-theoretic properties [Horn, 1951, Vardi, 1982]. In particular,
every consistent Horn knowledge base K has a canonical model 9, in
the sense that for every model 91 of K there exists a homomorphism
from M to Y. We will formulate this property more precisely for
particular sublanguages in Chapters 3 and 4.

A TBozx, T, is a finite set of concept inclusions, and an RBoz, R,
is a finite set of role inclusions. A TDL ontology O is a union 7 UR.

We denote by Nc(O) and Ng(O), respectively, the sets of
concept and role names appearing in O. Additionally, we write
Rol(O) for the set {p,p~ | p € Nr(O)}.

Semantics of concept and role inclusions is defined via a translation
to QT L. For every concept name A and role name p, let

Al = A(x) (Fr.A)" =3y .ri(z,y) A Ay) (2.29)
' =p(z,y) ()" =ply, ) (2.30)

For a temporalised concept (role), we naturally assume:
(o*C)' = o0*Ct (O r)T = 0T (2.31)

Then, a concept inclusion a of the form (2.28) is interpreted as a
QT L formula of:

OO0 V.9l A .o A 9L = 95, v v 9l ]
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and a role inclusion 3 as a formula S1:
00~ Wavy. ol A oo A 0L — 9f v v ol

We write 3,/ = « and J,¢ = 8 whenever 3,/ |= of and 7,/ = 3T,
respectively. The definitions of models and entailments are also
imported from QT L.

Note an important subtlety of these definitions. In QT L, we
write J = ¢ (i.e. J is a model of ¢) when J,0 |= ¢. For a concept
(role) inclusion @, however, we write J = 6 when J = 6. Since
0" =007+, J |= 0 amounts to J,¢ |= 1 for every £ € Z.

For the logic defined above, knowledge base consistency is still
undecidable [Artale et al., 2014]. Even when the temporal opera-
tors are dropped, the same problem is NEXPTIME-hard [Lutz and
Sattler, 2002]. To obtain computationally tractable fragments, the
syntax is restricted in one or another way, giving rise to various
(temporal) description logics, in plural. For example, (temporal)
EL is the logic of concept inclusions only, where the right-hand side
is limited to exactly one disjunct and inverse roles are forbidden
[Baader et al., 2005]. The (temporal) DL-Lite family [Artale et al.,
2009, 2014] features various logics where the existential restrictions
are limited to the form 3r, with (3r)1(z) = Jy.r(z, ).

As we show in Chapter 4, satisfiability is decidable in EXPSPACE
for temporal DL-Lite knowledge bases with TBoxes and restricted
RBoxes. Further restrictions on TBoxes lead to lower complexity,
and sometimes permit a richer RBox. In particular, some logics
make use of so called rigid role names, i.e. such p that p C OO p.
In Chapter 3, we consider the temporal version of ££, TEL®,
that unites lightweight TBoxes with O/O~ operators and rigid role
names, and prove decidability for some of its fragments.
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2.4.2 Temporal datalog

Temporal versions of the recursive query language datalog, such as
datalog,g [Chomicki and Imielinski, 1988] and TEMPLOG [Abadi and
Manna, 1989, Baudinet, 1989|, were introduced in the late 1980s.
Essentially, datalog,q is datalog(s) interpreted over the whole Z in-
stead of tem (D). On the other hand, TEMPLOG is based on temporal
operators. We limit our attention to operators O,O0~, 0, to keep
the queries being preserved by homomorphisms. Thus, we introduce
datalog®®, that we study later in Chapter 5.

Syntax. A datalog®® rule has the form:
P(T) + O*Ry(u1) A--- AN O*Ry(us) (2.32)

where T C u; U--- U7y, R; and P are relation symbols and O* is
an arbitrary sequence of temporal operators O, 07,0 and ¢~. The
part of the rule to the left of the arrow is called its head and the
right-hand side — its body.

The definitions given in Section 2.3.4 apply. Additionally, a pro-
gram is monadic, if all its IDBs are of arity at most 1, and binary if
they are of arity at most 2.

Semantics. A rule p of the form (2.32) is interpreted as a QT L
formula pT:

00O~ Vay...Vus.O*Ry(u) A--- ANO*Rs(us) — P(T)]  (2.33)

We conventionally refer to ontologies in datalog®®, i.e. finite sets of
its rules, as programs.

Observe that for a datalog®® program II, any knowledge base
(I1,D) is always consistent. Moreover, any 9 = (II,D) can be
safely restricted to obj(D) making it a flat model. It follows that
(I, D) = R(a,£) iff M = R(a,¥) for every flat model of (II, D).
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The relational fragment of datalog®® is just datalog [Ceri et al.,
1989, 1990]. We will also need disjunctive datalog, where disjunction
(possibly empty) is allowed in the rule heads:

Pl(fl)\/"'vpk(fk)%Rl(ﬂl)/\"'/\Rs(ﬁs) (234)

and all the rest is defined analogously.

2.5 Temporal conjunctive queries

We distinguish a fragment of Q7L that we will see as a query
language. The formulas of this fragment generalise the shape of
datalog °° rule bodies, and will be employed for analysing datalog®®
queries.

Syntax. A temporal conjunctive query (temporal CQ) is a positive
primitive QT L formula, i.e. a formula of the form ¢(Z) = Ju . ¢(Z,u),
where ¢, the body of the query, is defined by the following BNF":

p = R(Z) [ (pAe) | Op (2.35)

with R € Rel and Z C Z Uu and O being any of O,07,0 and ¢~.
We call T the answer variables of ¢(T).

Semantics. We define semantics of primitive positive formulas
over databases (instead of structures) as follows:!

D,l = R(ay,...,an) < R(ai,...,an,t) €D (2.36)
D= w1 Aps < Dl and D, L | ¢ (2.37)
DAEOCp < Dil+1Ep (2.38)
Dl Op < D, ¢ | ¢ for some ' > (2.39)

and symmetrically for O~ and ¢~. Given a temporal database D,
a timestamp ¢ € Z, and a query ¢(T) = Ju.p(T,u), we say that

INote that it is still defined relative to a timestamp, as usual for Q7 L.
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D, { k= q(a) if there exist b € obj(D)/®! such that D, ¢ |= ¢(a,b).

Temporal CQ answering problem is that of checking whether
D,l = q(@). Answering temporal CQs is not harder than that for
non-temporal conjunctive queries [Abiteboul et al., 1995].

Proposition 2.7. For a temporal CQ q(T), checking whether D, ¢ =
q(@) is in AC for data complexity.

Proof (Sketch). We show that any such g is FO(<)-rewritable in the
sense that there exists an FO(<) formula ¢ (%, t) such that for all ¢
and @ as above D, ! |= ¢(@) iff D = 4(a,£). The result then follows
from the data complexity of evaluating FO(<) formulas (cf. Table
2.1).

We outline the construction of the rewriting. Fix any ¢(Z) =
Ju.p(Z,w). The main issue with the construction is that temporal
subformulas of ¢, say ¢, may be true for @ at ¢ € tem(D), because
D, V' E x(a) for ¢ ¢ tem(D). Had that not been the case, we
could construct the rewriting for ¢ straightforwardly by structural
induction on ¢. To overcome this, let N be the number of temporal
operators in . We use a property that for all tuples @ of objects
from obj(D) and subformulas s of ¢, we have

D,r+ N+1Ex(@) < D,{Ex@) foralll{ >r+ N

2.40
D,1— N —1}= (@) < D,{ = (@) forall {<1— N (2.40)

Thus, for any subformula »(Z) of ¢, we construct, by induction, the
formulas 9,,(z,t) and () fori € [-N—1,...,—1JU[l,..., N+1],
so that for any D, tem(D) = [I, 7], and any objects @ € obj(D)?,
D! = x(a) <— DEY.(al) forlellr],

D,(r+i) E »(@ <= DEy.(a) for 1 <i< N+ 1,
D,(1+14) | »@ <+ DEY.(a) for —N—-1<i< -1,
t) and ¢%(z) = L. For an
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Vi, (2) = PLH(z) for all other i, and finally ¢o,,(Z,t) = 3t'((t' =
t+1) A (Z,¢)) V ((t = max D) ApL(Z)).2 The required rewriting
of ¢ is then the formula 3a . ¢, (T, u, t). O

2.6 Ontology-mediated queries

An atomic ontology-mediated query is a pair @ = (O,R) of an
ontology O and a relation symbol R. The problem of query an-
swering relative to an ontology is the problem of deciding whether
(O0,D) E R(a,l). As before, we distinguish two complexity mea-
sures for this problem, combined and data complexity, which assume
the size of the input to be (O] + |D| + |a| + |¢| and |D| + [a| + |¢],
respectively. Note that we measure the size of ¢ as |¢|, assuming, as
mentioned before, a unary encoding of numbers.

We can define general, non-atomic ontology-mediated queries,
where R is replaced by an arbitrary Q7 £ formula . In the setting of
QT L, this is not a true generalisation: we use a relation symbol R,
that does not appear in (O, ¢) and convert the latter to an equivalent
atomic one (O U{VZ.p(T) = R,(T)}, Ry). In restricted fragments
of QT L atomic queries may be less general: e.g. in temporal datalog
the above translation works only for formulas whose structure is that
of rule bodies. However, we stick to atomic queries, since we will
have enough to worry about already in this case.

Relations to comnsistency checking. For ontology languages
that admit the construct L, atomic query answering relative to
an ontology and consistency checking are mutually reducible by
constant-depth circuits. For the forward direction, take a relation
symbol R’ of the same arity as R and not appearing in (O, D). Then
(O0,D) = R(a,!) if and only if the KB (O U {VZ.R'(Z) A R(T) —
1}, DU{R/(a,t)}) is not consistent. Conversely, take a propositional
symbol P not appearing in (O, D). Then (O, D) is not consistent

2Recall from Section 2.3.3 that minD and max D and the function +1 are
definable in FO(<).
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if and only if (O,D) = P(0); indeed, any model of (O, D) (if one
exists) may interpret P as true or false at 0.

Without negation, however, the situation is different: for in-
stance, every knowledge base in datalog®® is trivially satisfiable,
whereas query answering w.r.t. datalog®® programs is nontrivial.

2.6.1 Rewritings and rewritability

We now link the “plain” queries of Section 2.3 and the “fancy”
ontology-mediated queries. A rewriting language L is one of FO(<),
FO(<,=), FO(<,MOD), FO(RPR) or (linear) datalog(s,<). We
say that an ontology-mediated query @ = (O, R) is L-rewritable if
there exists a query g of £, such that for every temporal database
D, (0,D) = R(@,?) if and only if D = ¢g(a,£). This ¢g is called
an L-rewriting of Q.

It follows that the data complexity of answering L-rewritable
ontology-mediated queries is at most that of query answering for L.
The L-rewritability problem arises: given an ontology-mediated
query @ = (O, R), decide whether @ is L-rewritable.

Database schemas. In some settings, the assumption is made
that some relation symbols are reserved for the use in ontologies
and do not occur in databases. Given a signature ¥ = (Rel, Const),
a database schema is any subset Rel’ C Rel. When Rel’ # Rel,
we write queries as triples @ = (O, Rel’,R) to emphasise that
rewritability is considered only with respect to databases defined
over the signature ¥ = (Rel’, Const). Note that R and the relation
symbols of O may belong to Rel \ Rel'.

All the definitions above are projected to non-temporal ontology
languages and databases in the expected way. We note that the
target rewriting languages in this case are FO and (linear) datalog.
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2.6.2 Answering linear datalog® queries

We prove a result about the linear fragment of datalog®® that
will be useful in Chapters 3 and 5. A datalog® query has the
form (I, EDB(II), G), where II is a datalog®® program and G the
goal predicate. We will write just (II, G), as the restriction of the
database schema to EDB(II) is a convention for datalog.

The following theorem?® builds on results of a similar kind ob-
tained for temporal description logics [Artale et al., 2013a, 2014].

Theorem 2.8. Answering linear datalog® queries is PSPACE-
complete and NL-complete, respectively, for combined and data com-
plexity.

Proof. (Sketch) The lower bounds come from the case of the stan-
dard, non-temporal linear datalog [Gottlob and Papadimitriou,
2003]. For the upper bound, fix a linear query (II,G). Without
loss of generality, we assume that temporalised IDB atoms in rule
bodies of II have the form O*C(7), where |k| < 1 (the cases of /0~
and consecutive O/O~ can be expressed via recursion). Given a tem-
poral database D, tuples of objects ¢ and @ from obj(D), and ¢ € Z,
we write C () < D(a) if II has a rule C(T) < ¢(7,y,u) AO*D(¥)
such that D, ¢ = Ju.¢(¢,a,u). Analogously, we write C(¢) < if
there is an initialisation rule C(Z) < ¢(Z,u) and D,{ = Ju. ¢(c,u).
Then, given a linear datalog®® query (II, G), we have D, 11, { |= G(a)
if and only if G = Cy, @ = ¢°, and there exists a sequence

Co () ko CL(@) ¢, -+ ek, , Cn(@) (2.41)

such that C; € IDB(II), tuples ¢ are from Ap, o = ¢, liy1 = l;+ k;
for 0 < i < n, Ci(@) <4,k Cit1(@1), and Cp,(e") <, . Let
tem(D) = [I,7]. Note that a rule C(¢) < D(@) either holds or
does not hold simultaneously for all £ > r + N, where N is the

3Many thanks to Vladislav Ryzhikov for promptly proving this theorem at a
critical moment.
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number of temporal operators in II, and, similarly, for all £ <[ — N.
Now, consider a sequence (2.41) and ¢, where ¢ > r+ N (the case for
¢ <1— N is analogous). Any loop of the form C;(c") <, -+ <k, ,
C;(@) in it with C;(¢') = C;(@’) can be removed as long as in the
resulting sequence

CO(EO) ko 01(61) Sk TR Cl(él)

k; Oj+1(6j+1) TSk Cn(én): (2-42)

n—1
the sum of all k; remains > 0. This allows us to convert any sequence
(2.41) to a sequence with the same Cj in the beginning, the same C),
in the end, and where all £; do not exceed £+O(|IDB(II)|-|obj(D)|™),
for m equal to the maximal arity of a relation in IDB(II). This means
that, for £ € tem(D), we can check D,II, ¢ = G(a) using timestamps
in the range [ — O(|II| - |obj(D)|™),r + O(|II| - |obj(D)|™)]. The
existence of such a derivation can be checked nondeterministically
in space polynomial in |TI|, but just logarithmic in |D|, so in NL, for
data complexity, and in PSPACE, for combined. O



Chapter 3

Reasoning in temporal
description logic TELC

3.1 Overview

In this chapter, we study the temporal description logic TEL, intro-
duced by Artale et al. [2007] and Gutiérrez-Basulto et al. [2016a] as a
fusion of the description logic ££ and the temporal logic LTL. Con-
cept inclusions of TEL are of the positive Horn fragment, i.e. their
right-hand sides contain exactly one disjunct, and feature temporal
operators O/O~ and ¢/¢~ applied to concepts. Role inclusions are
not allowed, except that one may declare some roles as rigid, i.e.
that the relations they model do not change over time.

Example 3.1. Imagine that Alice is a professor in 2025, denoted
Prof (Alice, 2025). Professorship is permanent and requires advising
students, who in three years become doctors. Being an advisor of
a doctor makes one proud, and proud professors are happy. This is

47
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2025 2026 2027 2028
Prof Prof Prof Prof, Proud, Happy
Alice @ ------ r------- - - ----- :
advisorOf advisorOf
S > S > S 1
Student Dr

Figure 3.1: Representation of some inferences for Example 3.1.
Dashed lines represent the temporal evolution of a given element,
while dotted lines represent a relation whose existence is known due
to role rigidity.

formalised in TEL as follows (using a rigid role advisorOf):

Prof © OProf Prof M Proud C Happy Student C O3Dr
Prof C dJadvisorOf.Student JadvisorOf.Dr C Proud

Figure 3.1 provides a graphical representation of some information
about Alice that can be inferred from Prof(Alice, 2025) and the above
TEL TBox. In particular, Alice is happy in 2028. -

Despite the decidability of basic reasoning problems for both LTL
and £L, their combination in TEL quickly leads to undecidabil-
ity of entailment checking [Artale et al., 2007] and query answering
[Gutiérrez-Basulto et al., 2016a]. The authors of the latter proposed
to limit the temporal operators to only O and O~ , giving rise to the
language TEL®, but left open the question of whether that restric-
tion by itself is enough to regain decidability of query answering and
introduced additional syntactic constraints, based on some form of
acyclicity (either on the description logics side, or on the temporal
side). All these constraints enforce a crucial property: the existence
of models where the evolution over time of any given object is, after
some initial segment, periodic. This property was called ultimate
periodicity by Gutiérrez-Basulto et al. [2016a].
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We link temporal reasoning with 7&£°-ontologies to the study
of associated formal languages, which allows us to close the open
question of Gutiérrez-Basulto et al. [2016a] and obtain additional
results. After formally introducing TEL® in Section 3.2, we discuss
known decidability results for its fragments in Section 3.3. The
sections that follow present our contributions.

We first consider the case of TE £?utwe, where concept inclusions
only allow to derive novel information about the future (or present)
and not the past. For this fragment, we show in Section 3.4 that the
task of deciding whether a concept inclusion of the form A C O™B
is entailed by an ontology can be reduced to deciding whether n
belongs to the Parikh image [Parikh, 1966] of a unary conjunctive
language, and vice-versa. Such languages are defined by conjunc-
tive grammars, introduced by Okhotin [2001] as a generalisation of
context-free grammars which allows for a conjunction operation in
rules.

We then turn our attention to TELY,,, a temporal extension of
linear ££ [Dimartino et al., 2016], and obtain in Section 3.5 a similar
reduction from reasoning in 7EL],, to deciding whether the Parikh
image of a context-free grammar over a binary alphabet fulfils some
property.

In Section 3.6, we exploit the previous correspondences to ob-
tain results for TEL® and fragments thereof. First, we close nega-
tively the question of whether all TEL® ontologies enjoy ultimate
periodicity, and complete the complexity picture of TEL given by
Gutiérrez-Basulto et al. [2016a]: answering atomic queries medi-
ated by TEL® ontologies is undecidable. Second, we provide re-
sults for the new fragments TELY, ., and TELF,, we introduce. As
for TEEJ?uture, we prove that answering atomic ontology-mediated
queries is solvable in polynomial time (in combined and data com-
plexity), but becomes undecidable if TELF,,,,. is extended with rigid
concept names (that do not change their interpretation in time) or
the universal concept T. Regarding TEL],, we prove that TEL],,
ontologies enjoy ultimate periodicity, and derive complexity results
for ontology-mediated queries.
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3.2 The TEL® language

We recall the syntax and semantics of TEL° from Gutiérrez-Basulto
et al. [2016a]. As in Section 2.4.1, let N¢, Ng and N; be the sets of
concept names, role names, and individual names, respectively. We
additionally partition Ng into rigid role names Ng& and local role
names Ng°.

Syntax. A TEL® TBox T is a finite set of concept inclusions of
the form

ACO"B  ANA'CB 3IrACB AC3IB  (31)

where A, A’, B € Nc, r € Nj, and n € Z.

Here, O™ is just an abbreviation of a sequence of n symbols O,
when n > 0, of |n| symbols O7, when n < 0, and of an empty
sequence, when n = 0. Equivalently, we can say that n is given in
unary: the crucial property is that each appearance of n contributes
to the size of the TBox as |n| (see Remark 3.25). Therefore, when
n=0,n=1 orn=—1, we simply write AC B, A C OB, and
A C O™ B, respectively.

We will further consider two fragments of TEL®. The future
fragment, Té'ﬁj?utme, is obtained by setting n > 0. The linear frag-
ment, 7ELY,,, disallows concept inclusions of the form AM A’ C B.

We denote by Nc(7), Nr(T), NR&(T), and NE(T), respectively,
the sets of concept names, role names, and rigid and local role names
appearing in T .

Semantics. Concept inclusions are interpreted over temporal
structures as given in Section 2.4. We remind the reader of the
definition of their meaning via the translation -f to Q7 £ formulas:

(Aco"B)! =00 [Va. A(z) — O"B(z)) (3.2)
(AnNA'C B =00 [Vz. A(z) A A'(z) — B(z)] .
(3r.AC B) =00~ Vz. (3y.r(z,y) AAly)) — B(z)]  (3.4)
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(AC 3.B) =00~ [Vz. A(x) — Jy.r(x,y) A B(y)] (3.5)
Additionally, for every r € Ngg we define a QT L formula
0, =00 [VaVy.r(z,y) — 00 r(z,y)]
Then, a TBox 7 is translated to a Q7 L-ontology 7' as follows:
Th={al |aeT}U{h, |reNET)} (3.6)

Recall further that a temporal structure J is a model of T if it
is a model of 7T, and T entails «, written 7 = «, whenever 71
entails af.

Note that rigid concept names can be defined in a similar fashion
as rigid role names: OO~ [Vz.A(z) — OO~ A(x)]. This can be
simulated with A C OA and A C O~ 'A in TEL® and TELY,,, but
not in TELE, e

Canonical models. For every TEL® TBox 7 and database D,
there exists a canonical model M1 py of (T,D), i.e. such that for
any model M of (7, D), there is a homomorphism from 9 py to M.
To see this, consider the following construction. Let Ny be an infinite
countable set of named nulls disjoint from N;, and set Ag)jn(T,D) =
Ni U Ny. Following Artale et al. [2013b], we represent (7 p) as
its atomic diagram [Hodges, 1993], i.e. a potentially infinite set
M of timestamped facts built from Ng, N¢ and Ny U Ny such that
for every n € Z, d € A™ " if and only if A(d,n) € M and
(d,e) € v @™ if and only if r(d,e,n) € M. Formally, M is
defined over an extended signature (Nc UNgr, NJUNy); when 97 p)
is considered as a structure over the original signature, the nulls
become anonymous.

We define M = ;5o Mi where My = D and M;y, is built
from M; by applying a rule of one of the following forms, assuming
that the rule application is fair (i.e., if a rule can be applied, it is
eventually applied):
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(1) if r(a,b,n) € M;, r € Ngg and there is k& € Z such that
r(a,b, k) ¢ M;, then M1 = M; U{r(a,b,k)| k € Z};

(ii) if A(a,n) € M;, AC O*B € T and B(a,n + k) ¢ M, then
My = M;U{B(a,n+k)};

(iii) if A(a,n), A'(a,n) e M; , AMA'C Be T and B(a,n) ¢ M,,
then M, 11 = M; U{B(a,n)};

(iv) if r(a,b,n), A(b,n) € M;, IrAC B € T and B(a,n) ¢ M,,
then M, 11 = M; U{B(a,n)};

(v) if A(a,n) € M;, AC Ir.B € T and there is no b € Ny such
that r(a,b,n), B(b,n) € M;, then M;1; = M; U {r(a,b,n),
B(b,n)} for some b € Ny which does not occur in M;.

It is not hard to see that 9y p) is indeed a canonical model.

Lemma 3.2. M7 p) = (T, D) and for every M = (T, D), there is
a homomorphism h : NyU Ny — Agn from M py to M.

Derivations. We will use the following derivation system for
TELC. Given a TEL® TBox 7 and a database D, we write
(T,D) b A(a,n) if there exists a derivation of A(a,n) from DU T
using rules of the form (3.7)—(3.11). Formally, (3.7)—(3.11) are rule
schemata, where the symbols a,b range over Ny U Ny, the symbols
n, k range over Z, the symbols A, A’, B range over N¢, while 7 ranges
over Ng and p over Ng&. An instance of a rule schema is obtained
by replacing these symbols with concrete individual names, integers,
concept names, and role names of the appropriate kind.

A derivation of A(a,n) from (7,D) is then a sequence
(Fo, ..., Fm) such that Fo = DUT, A(a,n) € F,,, and for ev-
ery 1 < ¢ < m, the set F; is obtained from F;_; by choosing an
instance of one of the rule schemata (3.7)—(3.11) whose left-hand
side is contained in F;_1, and then adding to F;_; the facts on its
right-hand side.

pla,b,n) pla,b.k)  (3.7)
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A(a,n), AC OB H B(a,n+k) (3.8)

A(a,n), A'(a,n), ANA'CB + B(a,n) (3.9)
r(a,b,n), A(b,n), IrAC B F B(a,n) (3.10)
A(a,n), AC Ir.B F r(a,b,n), B(b,n) (3.11)

In (3.11), the individual name b € Ny is required to be new, that
is, b must not occur in F;_;. Note further that an instance of (3.7)
may use an arbitrary k € Z.

The next proposition is easily shown using the notion of canonical
models.

Proposition 3.3. For every TEL® TBox T, database D, A,B ¢
Nc, a € Ny, and n, k € Z:

e (T,D) E A(a,n) iff (T,D) F A(a,n), and
e TEACO"B iff (T,{A(a,k)}) F B(a,k +n).

Example 3.4 (Example 3.1 continued). Below is a derivation of
Happy(Alice, 2028), from the TBox T that contains the concept
inclusions from Example 3.1 and D = {Prof(Alice,2025)}, with

advisorOf € Ngg. The form of the rule applied is given as a sub-
script to F and the left-hand side is left implicit.

Fs.8) Prof(Alice, 2026)

Fs.8) Prof(Alice, 2027)

3.8y Prof(Alice, 2028)

F(3.11) advisorOf (Alice, b, 2025), Student (b, 2025)
Fss) Dr(b,2028)

.7y advisorOf (Alice, b, 2028)

F(3.10) Proud(Alice, 2028)

F.9) Happy(Alice, 2028)

By Proposition 8.3, it holds that (T,D) = Happy(Alice, 2028) and
T |= Prof C O*Happy.
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Query answering. We are interested in answering atomic
ontology-mediated queries of the form (7, A), where T is a TEL®
TBox, and A a concept name. Thus, query answering relative to
TEL® TBozes is the problem of deciding whether (7, D) = A(a,n).
Recall that we distinguish between combined complerity, where the
size of the input is |T| + |D| + |A(a, n)|, and data complezity, where
T is fixed.

3.3 Known results on TEL®

We survey the existing results for T7EL®. Although Gutiérrez-
Basulto et al. [2016a] left open the question of whether query an-
swering relative to TEL® TBoxes is decidable, they formulated an
important sufficient condition for decidability: namely, the ultimate
periodicity of a TBox, defined using the notion of canonical quasi-
models.

Since we do not use quasimodels in this work, we rephrase this
property using the sets of numbers {n € Z | T E AC O"B}. A
TBox T is ultimately periodic if for every A, B € N¢(T), the set
{neZ|T = ALC O"B} is semilinear.

Theorem 3.5 (Gutiérrez-Basulto et al. [2016a]). Query answering
relative to ultimately periodic TELS TBowes is in PSPACE, for data
complexity.

The property of ultimate periodicity is a semantic one, it con-
cerns the shape of canonical models and it is not immediately clear
whether such a property holds for a given TBox. Gutiérrez-Basulto
et al. [2016a] proposed three syntactic conditions on concept inclu-
sions that guaranteed ultimate periodicity of TBoxes.

Limited use of rigid role names. The first condition allows us-
ing rigid role names only in concept inclusions of the form 3r.B C A.
Thus, no rigid “connections” to nulls are created in derivations, and
TBoxes become “rewritable” to propositional LTL ontologies. Query
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answering in this case is PSPACE-complete for combined complexity,
and P-complete for data.

Temporal acyclicity. The second condition disallows derivations
to loop through the same concepts along the temporal dimension.
More formally, let A\: Nc — N be a ranking of concept names. A
TBox T is temporally acyclic if the following conditions hold:

o for AC O"B € T, we have A\(A) < A(B);
o for AMA'C B e T, we have A(A) = A(4") = \(B);
o for IrACBeT or AC Ir.B € T, we have A\(4) = A(B).

As a result, no new fact can be derived further than poly (|7)
timestamps away from tem(D), and query answering relative to such
TBoxes becomes P-complete for data and combined complexity.

Relational acyclicity. Alternatively, acyclicity may be imposed
on the relational dimension. A TBox T is relationally acyclic if the
following conditions hold:

o for ACIr.BeT orIrBLC Ae T, we have A\(4) < A(B);
o for AMA'C B e T, we have A(A) = A(4") = A\(B);
e for AC O"B € T, we have A\(A) = A(B).

Query answering with respect to relationally acyclic TBoxes is k-
ExXPSPACE-complete in combined complexity, where & is the number
of different ranks among N¢(7). In data complexity, it is NC'-
complete.

Our study starts from the question whether every T€L° TBox,
without any syntactic restriction, is ultimately periodic. To answer
it, we employ conjunctive grammars.
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3.4 Future TEL° and unary conjunctive
grammars

In this section, we prove two theorems that establish our key result:
{{neN|TEACO"B}|T TEL], e TBox , A, B € Nc} is the
set of Parikh images of unary conjunctive languages. This will allow
us to apply Theorems 2.4 and 2.6 to analyse ultimate periodicity of
TEL® TBoxes.

Theorem 3.6 (TBoxes to Grammars). For every TELS,,,,. TBox
T, one can construct in polynomial time a unary conjunctive gram-
mar Gy = (N,{c}, R) such that for any A,B € Nc(T), there is
Nag € N such that ¢™ € Le,(Nag) iff T EAC O"B.

Given a Tﬁﬁfuture TBox T, we sketch the construction of G7.
The first step is to ensure that every role name in 7 can be treated
as rigid. For each C' € N¢(T), r € N&(T), introduce a pair of
concept names C,, C]. not appearing in 7 and let 7,;, be obtained
from T as follows:

1. for each r € NR(T), substitute every A C 3r.B € T with
AC 3r.B, B, C B (3.12)

2. for each C,., substitute every 3r.AC B € T with
ANcC, C A, Ir.AL C B (3.13)

3. substitute each r € N'ISC(T) with a new ' € Ngg.

Intuitively, in a derivation using 7.4, a fact B,(b,n) created from
some A(a,n) and A C Fr.B, guards the “locality” of r(a,b,n) at
time n. Any application of a derivation rule of form (3.10) using
a fact of the form r(a,b, k), and hence any effect of b on a, is only
possible using some 3r. A" C C and A’.(b, k), and thus is limited to
k = n, since A/ (b,k) can only be derived using AM B, C A! and
B,.(b,n). The translation from T to 7, is polynomial, and it is not
hard to prove the following lemma.
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Lemma 3.7. Let T be a TEL® TBox. For any A, B € Nc(T) and
ne€Z, TEACO"B if and only if Trig = AT O™B.

Definition 3.8. Given a 'TEE}) TBox T, Gr = (N7,{c}, R1),

uture

where N7 = {Nap | A,B € Nc(Trig)} and Ry contains exactly:
Nap — &, for AT B e Ty or A=B  (3.14)
Nap — ", for AL O"B € Trig, n>0 (3.15)

A € Nc(Trig),

Nap = Nac & Nap, for -5 CBe Ty (3.16)
ALC Ir.C

Nap —  Nep, for { 37“2) CB } CTrg (3.17)

Nap — NacNes, for A, B,C € Nc(Trig) (3.18)

Intuitively, for every pair of concept names A, B € Nc(Triq), G1
encodes every possible way of deriving B(a,n) from {A(a,0)}U Ty
either directly (3.14, 3.15), or by obtaining C(a,n) and D(a,n) that
together give B(a,n) (3.16), or by going through a null (3.17), or
through an intermediate point C(a,k), 0 < k < n (3.18). One
can show that a derivation witnessing (7,{A(a,0)}) F B(a,n) us-
ing rules of the form (3.7)—(3.11) corresponds to a derivation for
G1 F Nap(c™), and vice versa. Theorem 3.6 follows by Lemma 3.7,
Proposition 3.3 and definition of L. (Nag).

Example 3.9 (Ex. 3.4 cont’d). Recall that T |= Prof C O3Happy.
Figure 3.2 illustrates the derivations witnessing G NPrOfProf(CB)
and G1 F Newfproud(¢®).  We obtain G + NerofHappy (¢?) us-
ing the rule NprofHappy — NprofProf & NprofProud- One can further
check that Ley (Nerofhappy) = {37 | n € N}, since Nproftappy —
NProfProfNProfHappy is in RT and GT F NProfProf(Cn) fO?“ every n.

We now turn our attention to the converse translation.

Theorem 3.10 (Grammars to TBoxes). For every unary conjunc-
tive grammar G = (N,{c}, R), one can construct in polynomial time
a Tgﬁj?utum TBox Tg and A € Nc(T¢a), such that for every B € N
there is B € Nc(Tg) such that Ta = AT O"B iff ¢ € Lg(B).
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Ry Nprofprof (ccc)
| Ry : Nprosprof (cC) R1: Nprofprof (€) |
’ Ry: NProfProf(c) Ry: NProfProf(C) “ ‘
[

11 1

\ C C C J

’ Rs: NStudentDr (CCC) ‘

Ry: NProfProud (CCC)

Figure 3.2: Derivations witnessing G+ F ANprotprof(c®), in the
upper part, and G7 F Nprofproud(c®), in the lower part. In-
tuitively, each symbol ¢ stands for a step forward in time (cf.
Figure 3.1). The grammar rule of G5 used to obtain each
proposition is given in the following denotation: Rj: Nprofprof —
C, RZ: NProfProf — NProfProfNProfProf> RB: NStudentDr — 633
R4: NProfProud — NStudentDr~

Let G be a unary conjunctive grammar with nonterminals N =
{Bi,...,Bn}. Without loss of generality, we assume that its rules
are of the forms

B, — ¢ (3.19)
B; — ", n>0 (3.20)
B, — a (3.21)
B — a1 & as (3.22)

where o, @y are nonempty strings of nonterminals. Indeed, every
unary grammar can be converted to this form in polynomial time.
Fix concept names A, By, ..., B,,, and, for each oy = B;, ... B;,
that occurs in the rules of G, introduce concept names Cj; ;, and
rigid role names r;,._;,, for 1 < j < k. Let J denote the set of num-
ber sequences i; . ..17; appearing in the subscripts of these symbols.
We use the symbol ¢ to denote the elements of J, and write it to
mean the sequence obtained from ¢ by appending 7 in the beginning.
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Figure 3.3: Derivation witnessing (7¢,{A4(a,0)}) F Bi(a,4). The
concept inclusions used to obtain facts are given in superscripts.

Moreover, let t(y) denote exactly the sequence iy .. . .

Definition 3.11. Given G = (N,{c}, R), with N = {By,...

B}

and rules of the forms (3.19)—(3.22), T contains exactly the follow-

ing concept inclusions.

AC B;, for each rule of the form (3.19)
ALC O"B;, for each rule of the form (3.20)
Ci(ar) E Bi, for each rule of the form (3.21)
Ciay) MCy(as) E By,  for each rule of the form (3.22)
B; C3r;, . A, forive J

Ir;,.C, CC;, fori, ive J

B; T C; forie{l,...,m} s t.ieJ

We show that ¢™ € Lg(B;) iff T = A C O"B;. We first illustrate

this on an example.

Example 3.12. Consider the grammar G defined by the following
rules (subset of those presented in Example 2.5 such that Lg(By) =
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{c,c*}) and the corresponding concept inclusions of Tg:

B —  BiBs & ByBs Ci3MCy C By (I)
B — c AC OB (I2)
By — cc AT O%B, (I3)
B3 — ccc AT O®Bs (I4)

Additionally, Te contains:

By C3r3.A (i) B3CCz (1) 3Jri3.C3CCig (iti)  (Is)
By E3rgp. A (i) By T Cy (id)  Jrpe.Cy E Oy (idi) ()

Then, we derive By(a,4) from TaU{A(a,0)} as shown in Figure 3.3.

More generally, consider a rule of the form (3.21): B; —
B;, ...B;,. It states that ¢ € L(B;) if n = ny + -+ + ng and
" € L(B;;), 1 < j < k. The right-hand side of the rule is
represented in Tg by Cj, . 4., and whenever C;, . ;, (e, ¢) is derived,
B (e, ¢) follows by the corresponding concept inclusion (3.21*). The
derivation is performed in steps. Starting from A(a,0), we derive
Bi, (a,n1), and then go, by B;; T Jr;,. ;. -A (23%), to a new null,
b, where the process restarts, recursively, from A(b,n;) targeting
Ci,...i,- This fact is stored in the index of the role name 7, ;,, so
when Cj,. ;, (b,n1+n’) is inferred, and only at that point, it is lifted
up to Cy,. 4, (a,ny +n') by 3y, ..Ci, i T Cy i, (24%). The in-
clusion B; C C; (25*) ends the recursion. Lemma 3.13 formalises
this intuition and is proved by induction on k.

Lemma 3.13. Forvt=1iy...9x € J, Ta E AC O"C, if and only if
n=mny+ - +ng, such that To E AT O™ B;, for1<j<k.

Concept inclusions of form (3.22*) just generalise this to the case
of conjunction. We prove the next lemma by showing that the ex-
istence of a derivation witnessing 7 F A © O"B; implies the ex-
istence of a derivation witnessing G+ B;(c"), and vice versa, by
induction on the derivation length. This finalises the proof of The-
orem 3.10.
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Lemma 3.14. 7o = A C O"B; if and only if G v B;(c™), for
ie{l,...,m}.

3.5 Linear TEL®° and context-free gram-
mars

If a TBox T belongs to both TELS,,,,. and TELE,, the grammar
G provided by Definition 3.8 in the proof of Theorem 3.6 does not
contain rules of type (3.16), and is thus context-free. In this section,
we prove a similar result about the linear fragment in general, which
is used later in Section 3.6 for query answering relative to TELY

lin
TBoxes.

Theorem 3.15. For every TEL], TBox T, there exists a context-
free grammar T'r = (N,{c,d}, R), of size polynomial in |T|, such
that for any A, B € Nc(T), there is Nap € N such that T E AC

O"B iff there exists w € Ly, (Nap) with #c(w) — #d(w) = n.

To reuse the ideas of the proof of Theorem 3.6, we would need
to get rid of local role names that occur in 7. However, we cannot
rely on the construction of 7,4 as in Section 3.4, since it introduces
concept inclusions of the form AN C, C A/, so that 7,,, does not
belong to TEL],, even if T does. We treat separately the case where
T does not feature any local role name and the case where it does.

3.5.1 The case of rigid role names only

Suppose T is a TEL],, TBox such that all role names in 7 are rigid.
We construct a grammar I'r = (N, {¢,d}, R) in a similar way as Gy
in Section 3.4.

Definition 3.16. Given a TEL],, TBox T such that Nr(T) C Ng¥,
FT = (NT7 {67 d}7RT)7 where NT = {NAB | A7 B € NC<T)} and
Rt contains exactly the rules defined by (3.14), (3.15), (3.17), (3.18)
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-2 -1 0 1 2

Figure 3.4: A derivation witnessing (7, {A(a,0)}) - E(a,2) and the
corresponding word ddccce can be read along the dotted line.

with Trig =T, as well as the following rules.
Nag —  d", for ACO"BeT,n<0 (3.15%

In a word w € {c,d}*, a symbol ¢ corresponds to a step forwards
in time, and a symbol d to a step backwards. Otherwise, the intu-
ition behind I'7 is the same as that given for G+ in Section 3.4. For
every derivation witnessing I'r = Map(w), we can construct a cor-
responding derivation of B(a, #c(w) — #d(w)) from T U {A(a,0)}.
Conversely, from a derivation witnessing (7,{A(a,0)}) F B(a,n),
we obtain a word w such that I' = Nap(w) as follows: whenever a
derivation rule uses a concept inclusion of the form A’ T OFB’, we
write ¢® if £ > 0, and d'*! when k < 0.

Lemma 3.17. If Nr(T) C NI, for any A,B € Nc(T), T = ALC
O"B iff there exists w € Lr, (Nap) with #c(w) — #d(w) = n.
Example 3.18. Consider a TSL?M TBox T containing the follow-
ing concept inclusions, with r € Ng&. Figure 3.4 shows a derivation
witnessing (T,{A(a,0)}) F E(a,2) and the corresponding word.

AC3r.B BC o %2C CCo*D I DCE

Lemma 3.17 cannot be extended beyond TELY,, because different
words, say ddccce and cdeced, correspond to the same “shift” in time
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(here, 2), but the semantics of rules of type (3.16) treats them as
different: if NV — ddecce and M — cdeced, then N&M generates
an empty language, while we would need N'&M to generate cc.

3.5.2 The case of both rigid and local role names

For this case, we provide a translation from 7 to I'y which is not
constructive but nevertheless guarantees the existence of I'; and
the bound on its size stated by Theorem 3.15. To actually build I',
one needs to compute the set {A T B | T = A C B}, and we do
not provide any recipe for that when 7 features local role names.
However, Theorem 3.15 is enough to show ultimate periodicity of
TELY, TBoxes, as we do in the next section.

Consider a TELY,, TBox T and let Ty be obtained from 7 by
removing all concept inclusions that use local role names. Then, let

T =ToU{ACB|T = AC B}. (3.26)

Intuitively, in a derivation using 7, if a rule of form (3.11) produces
a fact r(a,b,n) with some r € Nig¢, and later a rule of form (3.10)
uses 7(a, b,n’) to “propagate back” the consequences of facts derived
about b on a, the locality of r implies that n = n’. A derivation that
uses 7;,%" “skips” the derivation between these two rule applications,
immediately inferring a new fact for a at time n.

Example 3.19. Letr € N',gc and T contain the concept inclusions:

AC OB FCOG CCo3D DC O3E
BCarC dr.ECF

Then T = B C F, and ’Trf;” contains the concept inclusions in
the first line and B C F. Figure 3.5 illustrates two derivations of
G(a,2): one from {A(a,0)} UT, and one from {A(a,0)} U T lim.

In general, the following lemma holds.
Lemma 3.20. Let T be a TELY, TBox. For any A,B € Nc(T)
andn € Z, T = AE O"B if and only if T,/ = AC O"B.
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Figure 3.5: A derivation of G(a,2) from {A(a,0)} and the TBox T
of Example 3.19 goes along the dotted line. A derivation with Trf’g"
uses B C F' and skips the part in the grey box, passing along the
dash-dotted line.

The proof of Theorem 3.15 uses Lemma 3.20 and the facts that

Nr(T,i) C NT& and that | T,4in| is polynomial in |T] to assume

that 7 uses only rigid roles, and concludes via Lemma 3.17 and the
polynomial time construction of 'y in Definition 3.16.

3.6 Query answering relative to TELC
TBoxes

We now draw the consequences of the correspondences between
Tgﬁj?utwe or TEL], TBoxes and grammars for answering atomic
queries mediated by TEL® TBoxes.

3.6.1 Undecidability results

First, we close negatively the question of TEL® ultimate periodicity.
Theorem 3.21. The following statements hold.

(i) There exists a Té'ﬁfoutwe TBox which is not ultimately periodic.
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(ii) It is undecidable to check if the set {n € N|T = A C O"B}
is semilinear for a TELS,,,. TBox T and A, B € Nc(T).

Proof. (i) Let G be the grammar of Example 2.5. By Theorem 3.10,
there exists a TELF,;,,. TBox Tg and A, B € Nc(7¢g) such that
To = AC O"Biff ¢ € Lg(Ni). Hence, {n e N | Tg = A C
O"B} = {4* | k € N}, which is not semilinear.

(ii) We proceed by a reduction from the problem of deciding
whether L(G) is regular for a unary conjunctive grammar G, which
is undecidable by point (i) of Theorem 2.6. Given a unary conjunc-
tive grammar G, by Theorem 3.10, one can construct a TELF,;,,.
TBox Tg and A, B € N¢(7g) such that 7o E A C O"B iff ¢ €
Lg(S), where S is the start symbol of G, so that L(G) = Lg(S).
Hence, {n € N | T¢ = A C O"B} is the Parikh image of L(G).
Thus, by Theorem 2.4, L(G) is regular iff this set is semilinear. [

Second, we obtain some undecidability results for query answer-
ing relative to TEL® TBoxes.

Theorem 3.22. Query answering is undecidable, for combined com-
plexity, with TEL® TBoxes and with TELS,,,,, TBowes extended
with rigid concept names.

Proof. By Theorem 2.6 (i), checking if L(G) = @ for a given unary
conjunctive grammar G is undecidable. We reduce this problem
to query answering with respect to TBoxes. As in the proof of
Theorem 3.21 (%), given a unary conjunctive grammar G, one can
construct a TELS,,,,,, TBox Tg and A, B € Nc(7g) such that T |=
AC O"Biff ¢ € L(G). Let C be a concept name not appearing
in 7¢. We construct 7/ such that L(G) # 0 iff (T4, {A(a,0)}) =
C(a,0) as follows. For the TEL case, let T, =T U{BC C,CC
O~1C}Y, and for TELS with rigid concept names, let C' be rigid

future

and T = Te U{B C C}. O

It is known that rigid concept names can be simulated with rigid
role names if the language allows for the concept T (which is such
that T2 = Aj forevery J = (A5,-7) and i € Z, and is not allowed in
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the original definition of TEL® by Gutiérrez-Basulto et al. [2016a]):
adding to the TBox C' = 3r.T for an 7 € Ni& \ NT&(7) makes C
rigid. It thus follows from Theorem 3.22 that query answering is
undecidable also if one extends T& E;’utwe with T.

Note that Theorem 3.22 does not imply undecidability for data
complexity. However, it implies that even having fixed a TBox 7T,
there is no “computational” way to obtain an algorithm for query

answering relative to that 7.

3.6.2 Decidability results

We first show that query answering is decidable with TELS,,,, .
TBoxes.

Theorem 3.23. Query answering relative to TELS,,,,. TBozes is
P-complete, both for combined and data complezity.

Proof sketch. The lower bounds hold already for the description
logic ££ (without temporal operators) [Calvanese et al., 2013]. For
the upper bounds, we provide a polynomial reduction from the
problem of deciding whether (7,D) = A(a,n) to that of checking
whether a word belongs to the language of a conjunctive grammar,
which can be tested in polynomial time (Theorem 2.3). Our reduc-
tion builds a TELS, ., TBox T'UTp, an assertion Cq (a, 1) and a con-
cept name A,, such that (7,D) E A(a,n) iff (T"UTp,{Cu(a,])}) E
Ay (a,n), then uses Proposition 3.3 and Theorem 3.6 to conclude.
The idea is to encode all information about @ in D into C,(a,l)
thanks to Tp.

Let I, m € Z be the least and the greatest timestamps appearing
in D. We introduce concept names {C, | a € obj(D)} and {4y |
A € Nc(T),l € k < m+ 1}, and role names {p], € Ngg | a,b €
obj(D),r € Nr(T)}. For the convenience of notation, we write Ay
for all k > [, assuming that Ay = A,,+1 when k > m. The TBox T’
contains the following inclusions, for all k € {I,...,m + 1}.

A, C OSB]H_S for ACO°BeT (327)
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Akl_lA;CEBk for AMA'CBeT (328)
Ay, C 3r.By, for AC3Ir.BeT (3.29)
Ir.A;, C By, forIrACBeT (3.30)

Additionally, the TBox Tp contains the following inclusions.

c, Cokla, for A(a,k) € D (3.31)
Co T3l . Cy for r(a,b,¢) € D (3.32)
Apl, . Ar C By for 3IrAC B e T,r(a,b,¢) €D, (3.33)

where 1 € Ngg or { =k.

Both 7" and 7p can be constructed in polynomial time w.r.t. |T|+
ID| and are expressed in TELG,,,, (since T is a TELY,,,,. TBox
and k — 1 > 0 for every A(a, k) € D by definition of /) and we show
that (7,D) = A(a,n) iff (T"UTp,{Caula,l)}) E An(a,n). O

One could prove Theorem 3.23 without using grammars. Given
(T,D), and A(a,n), construct (T,,D’) with 7, defined as T’ above
except that we use k € {l,...,n} in the concept inclusions, and
D' = {Ak(bk) | A(b,k) € D} U {r(b,c,k) € D}. Using the
inability of TSE;?MWG to reason backwards, one can show that
(T,D) & A(a,n) iff (7,,D') E A,(a,n). Then, T, is temporally
acyclic, in the terminology of Gutiérrez-Basulto et al. [2016a], who
prove that query answering relative to such TBoxes is in P, even
with rigid concept names (this is not a contradiction with Theo-
rem 3.22, since T, is constructed for a fixed n, while in the proof of
Theorem 3.22 rigid concept names are used to simulate an existen-
tial query of the form 3In.A(a,n)). On the other hand, the technique
we present here allows us to reuse existing algorithms and tools for
conjunctive grammars: a parser generator Whale Calf [Okhotin,
2002] and an efficient parsing method tailored to unary conjunctive
grammars [Okhotin and Reitwiefiner, 2012].

We also obtain positive results for the linear fragment. In the
next theorem, we use the following measure for the “size” of semilin-
ear sets. Let ||u|| = |u1|+-- - +|un| for @ € Z™. We define || L] as the
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least number ||b]| + ||F1]| + - - - + ||7]| among all representations of a
linear set £ by an offset b and periods 7, . . . pj, and IS]| as the least
sum || £1||+- - -+ £ || among all representations of a semilinear set
S as a union of linear sets. For an ultimately periodic TBox T, we

set | Tl = maxa genc(r)([{n € Z| T = AE O"B}).
Theorem 3.24. The following statements hold.
(i) Bvery TELS, TBox T is ultimately periodic, ||T]|| < 2P°W(TD.

lin

(ii) Query answering with TEL], TBoxes is NL-complete, for
data complezity.

(i) Query answering with TELS,, TBoxes without local role names
is in EXPSPACE, for combined complexity.

Proof sketch. For (i), let T be a TELY,, TBox. By Theorem 3.15,
there exists a context-free grammar I'r = (N, {¢,d}, R) such that
for any A,B € N¢(T), there is Ny € N such that T F A C
O™B iff there exists w € Lr,(NMap) with #c(w) — #d(w) = n.
Let L =Ly, (NMag). By Theorem 2.4, since 'y is context-free, the
Parikh image p(L) C N? of L (with alphabet ordered as c,d) is
semilinear. Hence, for every A,B € N¢(T), {n € Z | T E ALC
O"B} ={n€Z|n=#cw) —#dw),w € L} ={ug —uz | 4 €
p(L)} is semilinear, since it is the image of the semilinear set p(L)
under the linear mapping @ — w; — ug. For the bound on |7,
we use the methods introduced by Esparza et al. [2011] to establish
that ||p(L)|| = 2P°YUT7TD "and further observe that ||{u; — us | @ €
p(L)}] < 2lp(0)])

The lower bound in (i) follows from the atemporal case Cal-
vanese et al. [2013]. For the upper bounds, both in (%) and (i), we
provide a translation of TELY, TBoxes to linear datalog®® programs
(cf. proof of [Gutiérrez-Basulto et al., 2016a, Theorem 5]).

Given a TEL], TBox T, let ®7 be a (linear) datalog®® pro-
gram defined as follows. For each Ir.A T B € T, it contains
B(z) + r(z,y), A(y), and, if r € Ng&, also B(z) < Or(z,y), A(y)
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and B(z) « O r(z,y), A(y). If r(a,b, k) € D for r € Ng¥, the facts
r(a,b,m), m € Z, are not derived explicitly, but are simulated by
the latter two rules. Further, for every A, B € N¢(T), we take a
representation of the semilinear set {n € Z | T E A C O"B} as
a union of linear sets £ U -+ U Ly, L£; = {b° + kipl + ... kp! |
ki,...,k € N}. Then, ®7 contains the rules FAB(z) + O~ A(z),
FAB(z) « O PiFAB(z), B(x) « FAB(x), for all i € {1,...,m}.
Thus, if A(a,k) € D, the fact FAB(a,m), and therefore B(a,m)
is derived for all m such that m — k € £;. It can be shown that
(T,D) = A(a,n) iff (B, D) = A(a,n) and that || < 2PoYUTD,
Moreover, if Ng(7) C Ngg, @+ can be built from 7 using the
automata-theoretic construction of Esparza et al. [2011]. Points (4)
and (74) then follow from Theorem 2.8. O

Remark 3.25. Recall that we assume a unary encoding of numbers,
as is customary in temporal reasoning and as it is done by Gutiérrez-
Basulto et al. [2016a]. If sequences O - - - O were written as O™ withn
encoded in binary, translating a TBox into a grammar would cause
an exponential blow-up (since ¢" is actually a word of length n),
making our algorithms exponentially slower w.r.t. |T|.

3.7 Discussion

Connections between temporal logics, such as LTL, and formal lan-
guages (in particular, regular languages) are well-known [Vardi,
1996, Demri et al., 2016]. In this chapter, we established new ones,
between the fragments TELE, and TELS,,,, of the temporal de-
scription logic TELC, on the one side, and context-free and unary
conjunctive languages, on the other. Using these connections, we
obtained several important results on 7£L°, both negative and pos-
itive, from the formal language theory.

In particular, TELS,;,,. TBoxes are in a one-to-one correspon-
dence with unary conjunctive grammars (Theorems 3.6 and 3.10).
Therefore, TEL]?uture is not ultimately periodic (Theorem 3.21),
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which is arguably unexpected, as its temporal component, LTL, is
ultimately periodic [Sistla and Clarke, 1985], and its DL compo-
nent, £L, is such that every KB possesses a canonical model which
has, informally speaking, a regular structure Kontchakov and Za-
kharyaschev [2014]. Moreover, atomic OMQ answering relative to
TEL® TBoxes is undecidable (Theorem 3.22). On the other hand,
the same correspondence allows us to use parsing algorithms for con-
junctive grammars as tools for OMQ answering relative to Té‘ﬁ}’umr@
TBoxes, leading to a drastic decrease of complexity, from undecid-
ability to polynomial time, owed to a mere removal of the temporal
operator O~ (“at the previous moment”).! Despite the partial un-
decidability result of Theorem 3.21, it remains open if ultimate pe-
riodicity of TEL® TBoxes is decidable, since for the corresponding
problem—given a unary conjunctive grammar tell if all its nonter-
minals generate regular languages—no result is known.

The linear fragment, 7ELY,,, is connected to context-free gram-
mars (Theorem 3.15). As a result, it is ultimately periodic, and
enjoys considerably low data complexity of query answering (Theo-
rem 3.24).

Language theorists may find interesting that every unary con-
junctive grammar is transformable, in polynomial time, to the “nor-
mal form” of Definition 3.8, by applying first Theorem 3.10, then
Theorem 3.6. Moreover, the grammars that correspond to “pure
LTL” TBoxes (i.e., do not have any rule of form (3.17) in this nor-
mal form) are guaranteed to generate regular languages. This is, to
the best of our knowledge, the first nontrivial sufficient condition for
this property.

On the more theoretical side, it is possible that the TBox-
grammar correspondence can be lifted to more expressive temporal
description logics and more general classes of formal grammars (e.g.
Boolean grammars [Okhotin, 2013|). On the applications side, this
correspondence can be employed for developing a practical reasoner
for TSL’}’MWG.

My supervisor still does not believe this is true.



Chapter 4

A temporal description
logic with undecidable
rewritability problem

4.1 Overview

We have seen in the previous chapter that a combination in 7&L°
of rigid roles, existential restrictions, and both of the temporal oper-
ators O and O~ leads to undecidability of query answering relative
to TEL® TBoxes. It is a convincing example of how a temporal
component may destroy nice computational properties of the base
relational language—in this case, £L£.

Apart from EL, the lightweight description logics include the DL-
Lite family, designed to ensure that all ontology-mediated queries
are FO-rewritable. Like ££, standard DL-Lite logics only allow
TBoxes. The distinguishing feature of the family is that existen-
tial restrictions are limited to be unqualified: one can say A C Jr,
but not A C Jr.B. That is, A(a) only implies that there exists an

71
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outgoing role r, but nothing is known about its other end. Unlike
TEL®, DL-Lite admits L in the right-hand sides of concept inclu-
sions, thus equalising the combined complexity of query answering
with the complexity of consistency checking for knowledge bases.

Work has also been done on extending DL-Lite with non-Horn
RBoxes [Kontchakov et al., 2020]. Although ontology-mediated
queries are no longer guaranteed to be FO-rewritable in this case,
answering them is still decidable, albeit NEXPTIME-complete, for
combined complexity.! We start by showing, in Section 4.3, that
FO-rewritability is decidable for queries with full-fledged non-Horn
TBoxes and RBoxes.

We then turn our attention to the temporal setting. Temporal
versions of DL-Lite were extensively studied [Artale et al., 2014], and
query answering relative to temporal DL-Lite TBoxes was shown to
be PSPACE-complete (combined) and NC'-complete (data) [Artale
et al., 2022]. The data complexity comes from the fact that every
such query is FO(RPR)-rewritable.

Unrestricted temporal RBoxes notoriously lead to high compu-
tational complexity even if coupled with a lightweight TBox [Lutz
et al., 2008, Artale et al., 2014, 2022].> Thus, any type of tem-
poralised concept inclusions in DL-Lite with unguarded non-Horn
temporalised role inclusions (say, r C u Ll Ov) result in undecidabil-
ity of consistency checking.

For Horn RBoxes, consistency checking is decidable in EXPp-
SPACE or PSPACE depending on the available temporal operators,
and FO(RPR)-rewritability (of all ontology-mediated queries) is re-
stored [Artale et al., 2022].

We are interested in the complexity of checking rewritability in
presence of non-Horn role inclusions. Note that where consistency
checking is undecidable, checking rewritability into, say, FO(<), is
also undecidable. Indeed, suppose @ = (O, P), where P is a propo-

1Perhaps DL-Heavy would be a better name for a logic of this complexity,
but we stick to the conventional terminology.

2See also Hodkinson et al. [2001] for general effects of applying temporal
operators to relations of higher arities.
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sitional symbol, is not FO(<)-rewritable, and O’ does not use P
and the relation symbols of @. Then Q' = (O U O’, P) is FO(<)-
rewritable (to T) whenever (O’, @) is inconsistent.

Our goal is to understand if a temporal DL-Lite logic can feature
an undecidable rewritability checking in the less trivial case where
consistency checking and query answering are decidable. With this
in mind, we design a version of temporal DL-Lite that admits non-
Horn temporalised concept inclusions, and only guarded ¢-role in-
clusions that take the form

ri M Nr, MO 1 MOy C orpyg U Uy, (4.1)

where the 7; are role names or their inverses, {* stand for arbitrary
sequences of ¢ and ¢~, and n > 1.

Example 4.1. Imagine that we are modelling a transport network.
Some passengers may like to go by plane in one direction but return
by train (say, to safely bring back a selection of wines, cheeses and
fine teas). To highlight such routes, one could use the following role
inclusion:

flight M ¢ train™ C safeFlightConnection, (4.2)
where train~ denotes the inverse of the role train (connection) from
one city to another. (We do not regard the roles flight and train as
rigid because they depend on the season, day of a week, etc.) We may
further partition the connections into certain classes, e.g., national
and international, and infer properties of connected cities based on
this classification. This is achieved by means of the following role
inclusions:

safeFlightConnection C national Llinternational, (4.3)
dinternational C InternationalAirport. '

Axiom (4.2) is an example of a guarded {-role inclusion, where the
temporalised role ¢ train™ is “guarded” by the role name flight. Thus,
safeFlightConnection may be inferred at a time instant only when

there exists a flight from one city to another and, sometime later,
there is a return train. —
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Following the standard naming schema for languages in the tem-
poral DL-Lite family [Artale et al., 2014], ours should go under the

name
O<>|:|/g—<>

TDL-Lite bool /bool

That is, it is a temporal DL-Lite language that allows Boolean con-
cept and role inclusions, and all the three types of temporal oper-
ators applied to concepts, while only the guarded ¢ type for roles.
For sanity reasons, we will just refer to this language as

TDL-Lite*

the temporal DL-Lite of Chapter 4.

We prove in Section 4.4 that consistency checking for TDL-Lite*
knowledge bases can be done in EXPSPACE, and is EXPTIME-hard,
while the complexity drops to PSPACE if we disallow existential re-
strictions in the right-hand sides of concept inclusions. Automati-
cally, the same bounds hold for combined complexity of query an-
swering relative to TDL-Lite# ontologies. However, we show in Sec-
tion 4.5 that rewritability (over a restricted database schema) of
ontology-mediated queries in TDL-Lite* into FO(<) or FO(<, =)
is undecidable.  Furthermore, rewritability into FO(<,MOD),
FO(RPR) or (linear) datalog (s, <) is undecidable modulo standard
complexity-theoretic assumptions.

4.2 The TDL-Lite* language

Syntax. As before, N, N¢, and Ng stand for the sets of individ-
ual names, concept names, and role names, respectively. A role r is
either a role name p or its inverse p~. A concept C is either a con-
cept name A or an unqualified existential restriction Ir. A concept
inclusion in TDL-Lite* takes the general TDL form (2.28):

oCinN---nO*CL,CEO*Cry1 U+ UO* Crgm,
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where, as usual, O* are arbitrary sequences of temporal operators
O, ¢, O and their inverses. A guarded {-role inclusion (guarded
O-RI) takes the form (4.1).

We work with TBozes, finite sets of concept inclusions, and
RBoxes, finite sets of guarded ¢-role inclusions. Taken together,
they form an ontology © in TDL-Lite*.

We also consider the flat fragment that disallows concepts JIr
on the right-hand side of concept inclusions, and the non-temporal
fragment DL—L1'te47 also known as DL-Litepoo1/bool |[Kontchakov
et al., 2020], which is obtained by dropping the temporal operators
from both concept and role inclusions.

Semantics are inherited from the general temporal description
logic of Section 2.4.

As in the case of TEL®, we will be interested in ontology-
mediated queries of the form (O, A), where A is a concept name.

4.3 Deciding first-order rewritability
for DL-Lite* queries

We first establish that FO-rewritability of queries with non-temporal
DL-Lite* ontologies can be checked in SNEXPTIME, thus showing
that non-Horn role inclusions on their own do not cause undecid-
ability of this problem.

The decision procedure relies on a translation of an ontology-
mediated query to an equivalent monadic disjunctive datalog
query. For the latter language, FO-rewritability is decidable in
2NExXPTIME. Our translation is similar to that of Feier et al.
[2019], who studied FO-rewritability problem for the description
logic ALCZ. In that logic, role inclusions have the simple form
r C s. In our case, dealing with non-Horn role inclusions results in
an exponential increase in the size of the target datalog query, lifting
the complexity one exponent up. We remind the reader that in the
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non-temporal case we work with standard databases D instead of
temporal databases D.

Theorem 4.2. FO-rewritability of queries with DL-Lite* ontologies
is decidable in SNEXPTIME.

In the rest of this section, we sketch the proof of this theorem.
Fix an ontology-mediated query Q = (O,G), with G € Nc. We
would like to obtain a monadic disjunctive datalog query (Ilg,G)
that is equivalent to @ in the sense that (O, D) = A(a) if and only
if (g, D) = G(a), for any temporal database D and a € obj(D).

For the moment, we will use constants in place of some variables
in the rules with the expected meaning. We will show later how to
get rid of them. Suppose O = T UR. We encode the TBox 7T in
a program I, and the RBox R in a program Ilg, and the query
itself in a goal rule Ilg.

Symbols. For every role name p € Ng(O), we will use new (i.e.
not already appearing in the ontology) concept names E, and E,-.
Given an ontology O = T UR, a set of roles R = {ry,...,7} C
Rol(0) is called a role type, if the following two conditions hold:

1. The structure Zg = ({a,b},-T), such that r* = {(a,b)} for all
r € R and r? = @ otherwise, is a model of R.

2. The knowledge base
Kr= (TU{E,C3r,E.- C3r },{E:(a),E.-(b) | r € R})
is consistent.
In IIg, we use the following relation symbols:

e For each concept name A € Nc(O) U {G}, a unary relation
symbol A.

e For each role r € Rol(O), a binary relation symbol r and two
unary relation symbols E,., E,.—. If L is used in role inclusions
of (), we treat |, F| - simply as L.
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Additionally, for each role type R C Rol(O), we will use a dedicated
constant dp-.

Rules. Let II+ be a program encoding the TBox, 7, such that,
for each concept inclusion, C; M --- T Cy C Cryq U -+ U Chgpm, it
contains a rule:

Diysr(2) V-V Dy (z) = Di(2) A -+ A Dy(), (4.4)
where Di = Ai7 if C,’ = Ai7 and Dz' = Er, if Oi = dr.

To encode the RBox, we use a projection of roles, which are bi-
nary, to pairs of monadic IDBs. We first introduce some definitions.
For R = {ry,...,7r1}, let Eg(z) denote the conjunction

E. (x)N---NE,, (x)
and Er- (x) denote the conjunction

E;(a:)/\~--/\ET;(3:).

T

Furthermore, let Tp(W) denote the collection of all role types R C
Rol(O) such that W C R. For each set of roles W = {w1,...,wn}
(which is not necessarily a role type) consider the following expres-
sion:

\V  Er@) AEr-(y) | < wilmy) A Awn(z,y)  (45)
ReTp(W)

While the head of this “rule” is in disjunctive normal form, we
obtain a set of proper rules, denoted as Iy, by converting (4.5) to
a conjunctive normal form and then adding a separate rule for each
disjunctive clause. Furthermore, for each role w € Rol(O) consider
the following rules:

\  Erl@)AEp-(dr) | « Bulx) (4.6)
ReTp({w})



78 Chapter 4. A logic with undecidable rewritability problem

The corresponding rule set, denoted as Ilg,,, is obtained from the
above formulas. Intuitively, it is needed to capture the drama
happening in the anonymous part of the model, represented by the
dgr- constants.

We can now define the program Il to be the union of the fol-
lowing rule sets:

e Iy, for each set of roles W C Rol(O) as defined in (4.5);
e programs IIg,, for each role r € Rol(O) as defined in (4.6);

e II,., which, for each role r € Rol(Q), is the following rule:

E.(z) « r(z,y); (4.7

The goal program, I, contains a single rule:
Goal(z) + G(x) (4.8)

Recall that we defined Ilg = II7 U Ilg UIlg. It can be seen from
the construction that [IIg| = O (2!91). The following lemma is easy
to show by constructing a model of (O, D) that falsifies G(a) from
a model of (Ilg, D) that does the same, and vice versa.

Lemma 4.3. For any database D, (O,D) = G(a) if and only if
(Ilg, D) = Goal(a).

Removing the constants. We note that dg- constants can be
eliminated at a cost of a polynomial growth of the program. In-
deed, let IIf, comprise those rules of Il that use constants, while

Hzgf consists of all constant-free rules. Let also IIZ be the result of
grounding all rules in IIg with constants {dr- | R is a role type}.
Since each rule uses at most two variables, the size of HQQ is polyno-
mial in the size of Ilg. Finally, it is not hard to see that HgQ U HCQf
is a constant-free program equivalent to Ilg.



4.4. Query answering relative to TDL-Lite# ontologies 79

Deciding FO-rewritability. For monadic disjunctive datalog
queries, FO-rewritability is decidable in 2NEXPTIME [Feier et al.,
2019, Feder and Vardi, 1998]. Since our translation from @ to
IIg incurs an exponential blow-up, this immediately yields the
SNExXPTIME upper bound stated in the theorem.

As noted above, Feier et al. [2019] develop a related transla-
tion that maps queries with ontologies in ALCZ to monadic dis-
junctive datalog programs in polynomial time, and therefore obtain
a 2NEXPTIME upper bound in that setting. They also establish
a matching lower bound via a converse translation from monadic
disjunctive datalog programs to ALCZ ontologies. That argument
does not carry over to DL-Lite*, however, since it relies on quali-
fied existential restrictions 3r.C' which are not allowed in the latter.
Establishing lower bounds for the complexity of FO-rewritability in
the DL-Lite# therefore remains an open technical problem.

4.4 Query answering relative to
TDL-Lite* ontologies

In this section, we prove the following theorem.

Theorem 4.4. Query answering relative to TDL-Lite* ontologies
is in EXPSPACE and EXPTIME-hard for combined complexity. With
flat TDL-Lite* ontologies, it is PSPACE-complete.

The proof is by obtaining the same bounds on the consistency
checking for TDL-Lite* knowledge bases. The lower bounds are
inherited from DL-Lite#, in the general case, and from LTL, in the
flat case.

For the upper bounds, fix a TDL-Lite* KB K = (O, D). The
idea is to translate K to the universal fragment of Q7T L, and then
ground it to an LTL KB, with at most exponential growth in size, in
the general case, and a polynomial growth, in the flat case. Then,
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the theorem will follow from PSPACE-completeness of consistency
checking for LTL KBs [Manna and Pnueli, 1991].

The flat case

For flat TDL-Lite*, the translation to QT L is somewhat similar to
T of Section 2.4.1. However, we shall avoid the existential quantifier
that -T introduces for existential restrictions. Instead, for every role
r, we will use symbols E,. and F,-, as in the previous section.

Recall that concept and role inclusions in temporal description
logics have the form

91 Moo Mgy E P U oo U Ykam (49)

where the 9; are temporalised concepts or roles. In TDL-Lite*#, the
use of temporal operators is restricted in role inclusions, but this
does not matter now.

We define a translation - as follows:

AF = A(x) (3r)t = E.(x) (4.10)
pt=p(z,y) (p) =y, x) (4.11)

Let O be a QT £ ontology that for every concept inclusion o € O
of the form (4.9) contains the formula a*:

OO0 Vz. O V ... V O] — O, A ... A O, ]
and for every role inclusion 8 € O, the formula S*:
OO0~ [VaVy . 007 V ... vV O™, — O"0; . A ... A O, ]
Additionally, for every role r, we put in 0% the axiom:

00~ VaVy . (z,y) = E.(z) A E.—(y)] (4.12)

When no existential restrictions are present in the right-hand
sides of concept inclusions, this translation preserves consistency.
Note also that |[C*| = poly (|K|) is only polynomially larger than .
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Lemma 4.5. For a flat TDL-Lite* KB K, K is consistent whenever
KC* is consistent.

Now, K% is in the universal fragment of Q7 L. This allows us to
ground it to LTL with constants from obj(D). It is not hard to see
that the resulting LTL KB is consistent whenever so is the original,
and, since the relation symbols in K* are of arity at most 2, its size
is polynomial in |KC*|. This justifies the theorem for the case of flat
TDL-Lite*.

The general case

For the full TDL-Lite*, we shall extend KF with formulas that de-
scribe the behaviour of roles in the anonymous parts of models. To
this end, we define a KB K£* = (O*, D), where O* contains every ax-
iom of OF and, additionally, for every role r in O, O*, the following
sentence:

00 [Va.E(z) — \/ (r(z)A3y.Er-(y))] (4.13)
RETp({r})

This causes an exponential growth in the size of the KB, since, in

principle, there may be exponentially many types in Tp({r}). That
is, |KC*| = 2roly(IKD),

Lemma 4.6. For a TDL-Lite* KB K, K is consistent whenever K*
18 consistent.

However, K* is not yet in the universal fragment, as the ax-
iom (4.13) contains an existential quantifier. To get rid of it, we
introduce a propositional symbol Pr and a constant dr- for every
role type R. Thus, let * be obtained from * by substituting all
formulas of type (4.13) with:

00" Va.E(x) — \/ Er(z)A Pg] (4.14)
RET({r})
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PRHER*(dR*) (415)

Note that the formula (4.15) talks about the moment of time 0.
Moreover, it is still the case that |[K®| = 2P (KD,

Lemma 4.7. For a TDL-Lite* KB K, K* is consistent whenever
K*® is consistent.

Finally, K® is in the universal fragment of Q7 L. In this case,
we ground with constants obj(A) U{dg- | R C Rol(O) a role type}.
Once again, the relation symbols in K® are of arity at most 2, which
guarantees at most polynomial increase in size.

4.5 Rewritability of TDL-Lite* queries is
undecidable

We now establish the key result of this chapter. Namely, checking
whether an ontology-mediated query with a TDL-Lite* ontology
is rewritable into any of the first-order query languages or (linear)
datalog is undecidable even for flat ontologies.

More precisely, FO(<)- and FO(<, =)-rewritability is undecid-
able unconditionally, while for other languages undecidability is con-
ditioned on the respective complexity class being strictly smaller
than CONP. That is, L-rewritability is undecidable for £ being:

e FO(RPR), if NC! # CcONP;
e linear datalog (s, <), if NL # CONP;
o datalog (s, <), if P # cONP.

Theorem 4.8. Let L be one of FO(<), FO(<, =), FO(<,MOD),
FO(RPR), or (linear) datalog(s,<). Then L-rewritability of
ontology-mediated queries with TDL-Lite* ontologies is undecidable
modulo the assumptions above.
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Let M = (5,2,0,0) be a 2-counter machine. We construct a
query Qunr = (Opr, Relpy, Yellow), which is FO(<)-rewritable (and
thus rewritable into any of the languages from the theorem state-
ment) if M does not halt. If M halts, answering @) s becomes CONP-
hard, and thus @Q); cannot be rewritable into any language that
guarantees lower data complexity. Thus, modulo the respective as-
sumptions, checking rewritability into any of the rewriting languages
would allow to solve the halting problem for M.

The cONP-hardness of ),/ is achieved by a reduction from graph
non-3-colourability. We encode the computation of M in a database;
the query first performs a simple correctness check of the input en-
coding, and then, whenever the given computation is halting, trig-
gers graph colouring. In case M does not halt, however, no halting
computation can be found in any database. In this case, answering
Qs reduces to the initial check, which can be described in FO(<).

Overview of the construction

Recall that a configuration of a 2-counter machine M is a triple
(s,c1,c2) with s the current state and c¢1,co the current counter
values, and that a computation of M is a sequence of configurations

(so,c(l),cg)7 (s1, c%, cé), R (sn,l,c?fl, cgfl) (4.16)

such that for each i < n — 1 we have 6(s;,sgn(c}),sgn(ch)) =
(Si+1,€1,€2) and C§+1 = C;- + €5, 0<i<n-—1.

To simulate the computations of M we need a representation of
its configurations, counters and transitions. The database schema
Rel s contains the following symbols:

e For each state s; € S and every «, 8 € {0, 1}, representing the
af

signs of the two counters, a role name s;".
e Role names w1, us, for the two counters.

e A role name e that will stand for edges of the graph.
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e A role name r that we will use in the reduction.

Intuitively, a configuration of M is represented by a pair of
database objects, and role triples of 8?’3 , u1 and wueo, arranged ac-
cording to certain rules described below, indicate the current state
and counter values. A sequence of objects connected by such triples
will thus represent a computation of M. Our ontology O, will, first,
validate such a sequence, second, ensure that the machine halts in
the end of it by “walking” along, and third, enforce a colouring of a
graph attached to the end of that sequence. The colours provided
will be 4. The final step of answering QQy; will be to detect the
presence (in every model) of one distinguished colour, Yellow, which
happens only if the graph is not 3-colourable. Thus, we will define
Oum as a union O, U Oy U Op U Oy, for validate, walk, paint and
detect. We proceed to the details.

Computation paths

A configuration (s;,c1,c2) is represented by a pair of objects a,a’
and three timestamps ¢y, £1, {2 such that {1 = fy+c; and o = £y+co.
The state of the machine and the signs of the counters are asserted
by existence of a connection s*”(a,a’). The actual values of the
counters c¢; and ¢y are indicated, respectively, by existence of con-
nections wuj(a,a’,?1) and us(a,a’,€3). The crucial property—that
all three roles point at the same object a’—will be ensured later by
means of guarded ¢-role inclusions. When we represent a computa-
tion, the next configuration is supposed to appear between a’ and
some other object a”’. The correctness of the transition depends on
how incoming and outgoing role triples are arranged on the timeline
of a'.

Given a temporal database D over the schema Relp; we say
that D has a computation path if there is a pair (o,4y) with ¢y €
tem(D) and o being a sequence of objects g, 01,...,0, € 0bj(D)
such that the following properties hold for 0 < j < n:

iBj
L] S;YJ ](O—jao—j—i-laEO) €D
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o there is Fi > {y such that uq (0, aj+1,£{) eD
e there is Eé > {y such that ua (o, aj+1,€é) eD

We call such a path almost valid if the following conditions are
satisfied for 0 < j < n:

(stt) there is no m and no (sg, o/, 5’) # (sj, e, B;) such that

DE Elx.szl’g/(x,aj,m)

(cnt) there is no m # Eg, i = 1,2, such that

D =3z .ui(z,05,m)

(trn) 5(3jvaj’5j) = (Sj+1a£{+1 - {’€%+1 - %)
and simply wvalid if it additionally complies with:

(sgn) a; =sgn(f), B; = sgn(t})

Essentially, (stt) and (cnt) mean that at a transition from the
pair (o;j_1,0;) to the pair (0;,0;11), the state and the counter val-
ues before the transition are defined uniquely. Then, (trn) ties them
together with the state and counter values after the transition, at
least on the syntactic level of role superscripts. The condition (sgn)
confirms that these superscripts actually correspond to the position-
ing of role triples.

A valid computation path is initial if s)°(0g,01,4p) € D, which
corresponds to the initial state sy and both counters at zero. It is
halting if sgél(on,l,an,éo) is such that (s,—1, @, ) is undefined.
Finally, it is called proper when it is valid, initial, and halting.

Lemma 4.9. There exists a database D containing a proper com-
putation path if and only if M halts.
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Proof. By construction, there is a one to one correspondence be-

tween computations of the form (4.16) and computation paths. Ini-

tial paths correspond to computations where ¢ = ¢J = 0 and halting

paths to those where §(s,_1,sgn(c} '), sgn(cy 1)) is undefined. O

If M halts, we denote by D, a database that contains exactly a
proper computation path (o,0) and nothing else.

Axiomatising valid computation paths

We now define the validation ontology, O,, which ensures that every
path in a given database is valid. To ensure (stt), for all (i, «, 8) #

(4,7,90), we say:
IsP)"no3(s)) " T L (4.17)
Then, (cnt) is formalised as follows, for ¢ = 1,2:
Juy NOJu; T L (4.18)

For (trn), we shall say that the change of the state and of the
counter values complies with the transition function §.

We first deal with the states. For each pair s; ob ;Y such that
0(si,a, B) # (sj,€1,¢e2) for all e1,e2 € {—1,0,1}, we say.

Is¢?)" N3P C L (4.19)

We now turn to the counter values. Suppose 5(sj,aj,ﬂj) =
(8j4+1,€1,€2), with e; = 1. Then, in case we had ul(a],aj+1,€j) we
want to see the next outgoing uj, from 0,41, at time EJH = KJ +1,
not earlier, not later. We catch the possible violations to this w1th
the following axioms:

00~ 3" NIuy Mo Juy C L (4.20)
OO I(sy ) M3u; M3ug C L (4.21)
00~ ()" NIy MO0 Tuy T L (4.22)
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The three axioms correspond to the cases when #71 < ¢7 7+t = ¢1
and 571 > #] + 1, respectively.
The case when g1 € {0,—1}, as well as the case of the second

counter, is treated in the same fashion. Let O, comprise the axioms
from (4.17) to (4.22).

Lemma 4.10. If (O, D) is consistent then every computation path
in D s almost valid.

Proof. Suppose D contains a computation path (c,4y) that is not
almost valid. This means that at least one of (stt), (cnt) or trn
is violated for (o,{p). By axioms (4.17)-(4.22), any such violation
entails L. O

To complete O,, it remains to axiomatise (sgn). We will use a
role name v, not in Relys, and the following axioms:

s M 0%y M oPuy Cou (4.23)

for all s; € S and a, 8 € {0,1}, where ¢' = ¢ and 0° is an empty
se%uence. Note that temporalised roles Ou; are guarded by the roles

5

Let O, extend O] with the axioms (4.23).  Intuitively,
v(0j,0541,%) being inferred over 5?’5(0j,aj+1,€0) validates the
configuration. Thus, a valid path becomes a v-path from oq to o,
at time £y. Formally, a v-path from a to ' at £ in a structure J is a
sequence

’U(do, d1,€)7 N U(dn_l, dn,ﬁ)

where d; € Ay, (dj,dj11) € v a=4df, a =dJ.
We observe the following nice properties of O,,.

Lemma 4.11. If (O,,D) is consistent, it has a canonical model
Mo, p), i-e. such that for any M |= (O,, D) there is a homomor-
phism from Mo, py to M. Moreover, one can assume that M is

flat.
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Proof. We observe that O, is a DL-Litey,, ontology and has a
canonical model Mo, py by the results of [Artale et al., 2013b].
Since O, is also flat, discarding the anonymous elements from the
domain does not break the property of Mo, py being a model. [

Lemma 4.12. If (0,,D) is consistent, then D contains a valid
computation path (0,€y) if and only if in every model of (O,,D)
there is a v-path from og to oy at {y.

Proof. If D contains a valid computation path (o,4y), (O,,D) =
v(0j,0j41,%), 0 < j < n, by axiom (4.23). For the other direction,
take the canonical model Mo, p) of Lemma 4.11 and observe that
M = v(a,d,?) if and only if (O,,D) E v(a,d’,f). It is easy to see
that every v-path in 9T goes along a computation path that satisfies
(sgn). By Lemma 4.10, this computation path is almost valid, so it
is valid. [

Axiomatising proper computation paths

We shall now distinguish proper paths from the rest of valid paths
by means of the walking ontology, O,,. The idea is to find an object
marked with 3s)°, walk down a v-path, and check that at the end
the machine halts.
We introduce role names v%°° 9% o' and concept names
A, A, B, B together with new axioms. The concept A will appear
in the beginning of an initial path, and then spread along the role
v. Therefore:
s’ C A ANMAC L v C o Uyt (4.24)

JuP A~ )~ C AP (4.25)

with A° = A and A! = A. Intuitively, A corresponds to “not A”,
while v*? says “A* at the source of v implies A” at the target of v”.
The absence of v'° among the possible role names reflects the truth
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table of the implication. Since A is forced to appear at the beginning
of an initial path, all valid paths that are initial are labelled by v!'!
in all models, while non-initial ones may get labelled by v°° and v°?.
Therefore, A is propagated along valid initial paths.

If A holds at the end of a halting path, then it is also an initial
one, and we signal this fact by landing the concept B:

An3st?)-EB (4.26)

for every sf‘ﬁ such that 6(s;, a, ) is undefined.
Let O,, comprise axioms from (4.24) to (4.26). We observe the
following simple property.

Lemma 4.13. If (O,,D) is consistent, (O, U O, D) = Bla,{y) if
and only if D contains a proper computation path (o, £y) with a = oy,.

Proof. Note that if (O,, D) is consistent, (O, U O, D) is also con-
sistent. If (O, U O, D) = B(a, o), it must be the case that:

1. (Ov U Owap) ): A(a7€0);

2. (0, U0,,D) = EI(S?B)*(Q,EO), where §(s;, o, §) is undefined

Condition 1 is only possible if there is s3°(a’,a”,¢y) € D and

the canonical model M, py contains a v-path from some a’ to a.
By Lemma 4.12, D contains a valid computation path from a’ to
a. From s)%(a’,a”) € D it follows that this path is initial. From
Condition 2 we conclude that it is halting. The other direction is
straightforward. O

The ontology O, links the computations of M, axiomatised
by O,, to our original plan of reducing graph (non) 3-colourability
to answering ;-

Proper computation paths and 3-colourability

We denote by Gp(a,£) the connected undirected graph the nodes of
which are those objects of D that are reachable from a by connections
e or e~ at time /.
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Whenever D contains a proper computation path (o,£y), we
would like to trigger the colouring of the graph Gp(oy,,%y). The
starting point is B(oy,, ) provided by Lemma 4.13. First, we make
B spread over the edges e of the graph, in the same fashion as for A

and v before (we do not use €’! since we identify e~ and e):
BNBLC L eCettue (4.27)
3 CB 3(™) CB (4.28)
"' C B ')y CB (4.29)

Then we require every B-labelled object to be coloured in one of
four colours, Red, Green, Blue, Yellow:

B C Red U Green U Blue U Yellow. (4.30)

The colours should be pairwise disjoint, so we let C7, Cy range over
the colours in the following axioms:

CinCy C 1, for all Cy # Cs. (431)

Further, the colouring should be correct, that is, the ends of every
edge should have distinct colours. This is obtained introducing role
names e(c,,c,), for all C1,Cs, and the axioms:

e |_| €(Cy,Cs) Ee(Cl,Cg) CChy 36(701)02) C Cy (4.32)
C1#C>

We set the painting ontology, O, to contain the axioms from
(4.27) to (4.32).

Now, Gp(a,{p) is not 3-colourable if and only if in every model
of (0,U0,UQO,, D) there is a node of that graph coloured in Yellow.

Lemma 4.14. If (O,,D) is consistent and D contains a proper
path (0,4y), then Gp(on, Ly) is not 3-colourable if and only if M =
(Oy U Oy, U O,, D) implies that a™ € Yellow™ for some node a of
GD(O’n, 60) .
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Proof. By Lemma 4.13, (O, U O,,D) | B(oyn,fy). Then the ax-
ioms (4.27)-(4.32) ensure a correct colouring of objects in Gp(op, £o).
Therefore, G is 3-colourable if and only if there exists 9 = (O, U
O U Op, D) that uses only Red, Green, Blue. O

Encoding 3-colourability

Now almost everything is ready for the reduction. Suppose M halts.
Take any connected undirected graph G = (V, E) and select some
node v* € V. Recall that there is a database D), that contains
exactly the proper path (o,0) for M and nothing else. Let Dg 4.4 be
a database containing exactly the facts e(ay, a,,?) for {u,v} € E,
with a,» = a. Then Dy UDg 0,4, is clearly consistent with O,,, and
by lemma 4.14, G is not 3-colourable whenever every model of

(Oy U Oy, UO,, D UDg t,0,)

contains a Yellow object of Dg ¢,.,. However, we can only query
for the colour of a concrete object. To resolve this issue, we take
b ¢ Ap and let DY ¢ contain exactly the facts r(ay, b, ) for u € V.
Then we set Dg = Dy UDg 0,0, UDG o- The idea of the axioms that
follow is to ensure that G is not 3-colourable whenever (O, Dg) =
Yellow(b).

We employ Oy, the detecting ontology, that makes Yellow spread
along 7 in the same fashion as it was done in (4.27) for B and e:

Yellow M Yellow C L rCrilyr (4.33)
3% C Yellow 3(r) " C Yellow (4.34)
Ir't C Yellow 3(r') " C Yellow (4.35)
We finally set Oy = O, U Oy U Op U Og and Qn =

(O, Relyy, Yellow).

Lemma 4.15. If M halts, answering Qn = (O, Relpr, Yellow) is
CONP-hard. Otherwise, Qpr is FO(<)-rewritable.
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Proof. If M halts, there exists the database Dj;. The translation
from any connected undirected graph G to D¢ can be performed by
a constant-depth circuit. Then, (O, Dg) = Yellow(d, 0) if and only
if G is not 3-colourable.

Now suppose that M does not halt. Then no database D may
contain a proper computation path. Therefore, if (O,,D) is consis-
tent, by Lemma 4.13 there exists 9 = (O,, D) that does not con-
tain any B-labelled element. It follows that there is 9 = (On, D)
that does not contain any VYellow-labelled element. Therefore,
(O, D) E Yellow(a,f) < D | L. Now suppose (O,,D) is
not consistent — then (Op, D) = Yellow(a,?) for any a. Thus,
(O, D) [= Yellow(a, £) is equivalent to the inconsistency of (O,, D).
By Lemma 4.10, the latter amounts to a violation of (stt), (cnt),
or (trn), and can be easily expressed by a FO(<)-query to D. O

Theorem 4.8 follows from the above lemma as explained in the
beginning of the section.

4.6 Discussion

We took a first step towards understanding (temporal) DL-Lite
with guarded non-Horn role inclusions by establishing two results:
a decidability procedure for FO-rewritability of ontology-mediated
queries in DL-Lite* (= DL-Lite o1 /boot) (Theorem 4.2), and an un-
decidability result for rewritability into various query languages in
its temporal version TDL-Lite* (Theorem 4.8). An open question
is whether rewritability is decidable for TDL-Lite* without tempo-
ralised roles.

The undecidability proof relies only on the operators ¢/¢~ used
solely in Horn concept and role inclusions. In fact, by introducing
additional concept and role names, one can manage with just ¢ or
just 07,3 and a single Horn guarded ¢-role inclusion. The non-Horn
inclusions are purely non-temporal. Hence, the undecidability result

3Cf. the proof of Theorem 5.3.
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already holds for unions of temporal Horn DL-Lite TBoxes with
non-temporal DL-Lite 01 /5001 Ontologies and a single guarded ¢-role
inclusion. Ontology-mediated queries with temporal Horn DL-Lite
TBoxes are all FO(RPR)-rewritable, but adding certain non-Horn
concept inclusions destroys this property [Artale et al., 2022]. The
natural question is whether one can algorithmically predict the effect
of adding a given non-Horn but non-temporal ontology.

First-order rewritability (also known as predicate boundedness)
has been studied for datalog queries themselves. Predicate bounded-
ness is undecidable for binary programs [Hillebrand et al., 1995], and
even for linear programs with a single binary IDB relation [Vardi,
1988]. Temporalised role inclusions in TDL-Lite# can be viewed,
from the datalog perspective, as employing binary or even ternary
IDBs. However, the undecidability proofs of Hillebrand et al. [1995]
and Vardi [1988] rely on chains, i.e., rules whose body contains pat-
terns such as r(x1,x2) A (22, x3), which are inexpressible in logics
of the DL-Lite family. We return to predicate boundedness in more
detail in the next chapter.






Chapter 5

On rewritability of
datalog®® queries

5.1 Overview

We now turn our attention to temporal datalog. The use of vari-
ables in this language allows it to capture more complex patterns in
the data than is possible with the restricted formulas of description
logics. On the other hand, datalog is a Horn language, lacking the
disjunction of TDL-Lite*, and restricted from inferring existence of
new objects outside of the database’s domain, as opposed to TELC.
This makes datalog®® queries easier to analyse, although they re-
main non-trivial.

Example 5.1. Imagine a PhD student working on a paper while
hostel hopping. Finishing the paper requires staying at the same hos-
tel for at least two consecutive nights. Bus services between hostels,
which vary from one day to the next, and hostel vacancies are given
by a temporal database with atoms of the form busService(a, b, £)
and Vacant(a,f) (see Fig. 5.1 for an illustration). The following
datalog>® query (II;,Success) finds pairs (a,f) such that having

95
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started hopping at hostel a on day ¢, the student will eventually
submit the paper:

Success(x) < Vacant(x) A ObusService(x, y) A OSuccess(y)

I :
' Success(x) <+ Vacant(x) A OVacant(z).

It is readily seen that answering this query is NL-complete for
data complexity. If, however, we drop the next-time operator
O from II;, it will become equivalent to Vacant(z). The next
query (IIy, Promising) simply looks for pairs (a,f) with a having va-
cancies for two consecutive nights some time later than /£:

Promising(z) < ¢VacantFor2Nights(x),
VacantFor2Nights(z) < Vacant(z) A OVacant(z).

This datalog>® query has a FO(<)-rewriting:
3t' ((t < t') A Vacant(z, ') A Vacant(z, t' + 1)),

Therefore, the respective data complexity is just ACP. B

For non-temporal datalog, FO-rewritability, known in database
theory as predicate boundedness, has been investigated since the
mid 1980s with the aim of optimising and parallelising datalog
programs [Kanellakis, 1990, Dantsin et al., 2001]. Thus, predi-
cate boundedness was shown to be undecidable for binary data-
log queries [Hillebrand et al., 1995] and 2EXPTIME-complete for
monadic ones (even with a single recursive rule) [Cosmadakis et al.,
1988, Benedikt et al., 2015, Kikot et al., 2021|. We thus distinguish
the monadic fragment data]ogrio of datalog®®, to keep the hope for
decidability.

Ontology-mediated queries given in propositional linear temporal
logic LTL are always FO(RPR)-rewritable, but some may be also
FO(<,MOD)- or even FO(<,=)-rewritable, and it is EXPSPACE-
complete to decide which is the case [Kurucz et al., 2023], even if
we restrict the language to temporal Horn formulas. In fact, these
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1 2 3 4
Vacant Vacant
hi ° °
Success
Vacant
ho ° °
Success
Vacant Vacant Vacant
hs [ ° ® °
Success l
ha ° ° 4

Figure 5.1: Illustrations for the query (IIy,Success). Hostels
h1, ha, hs, hy are shown on days 1, 2, 3, 4; bus connections represented
by arrows. The predicate Success is given as entailed by the pro-
gram IT;.

cases correspond (in the reverse order) to the trichotomy of data
complexity for LTL OMAQs: answering such a query is either in
AC?, or in ACCY\ AC?, or NC'-complete [Straubing, 1994]. The
data complexity of answering non-temporal monadic datalog queries
comes from four complexity classes AC® C L € NL C P [Dantsin
et al., 2001, Cosmadakis et al., 1988].

Our two-dimensional query language data]ogﬂcl<> is a combina-
tion of monadic datalog and LTL. It is also close in spirit to
datalog,g [Chomicki and Imieliniski, 1988, Chomicki, 1990], extend-
ing its monadic fragment with the eventuality operator ¢. The main
question we would like to answer in this chapter is whether deciding
rewritability of two-dimensional queries into, say, FO(<, =), can be
substantially harder than that of the corresponding one-dimensional
datalog and LTL queries.

With this in mind, we focus on the linear fragment dataloglfg>
of data]og,?;). While the full language inherits from datalog,q a
PSPACE-complete query answering problem (for data complexity
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[Chomicki and Imielinski, 1988]), we have shown in Theorem 2.8
that linear queries can be answered in NL. That makes datalog.
queries not harder than non-temporal linear datalog queries—and
inspires the idea to “temporalise” the existing rewritability checking
technique developed for the latter.

By datalog;, and datalogi, we denote the fragments of
datalog,y that only admit the O/O~ and ¢/¢~ operators, respec-
tively. All of our queries are assumed to be connected in the sense
that the graph induced by the body of each rule is connected. These
fragments retain practical interest: as argued by Cosmadakis et al.
[1988], non-temporal datalog programs used in practice tend to be
linear and connected. For example, SQL:1999 explicitly supports lin-
ear recursion [ISO/IEC, 1999], which together with connectedness
is a common constraint in the context of querying graph databases
and knowledge graphs [Reutter et al., 2021, Urzua and Gutierrez,
2019], where the focus is on path queries [Francis et al., 2018, Harris
and Seaborne, 2013].

It is known that deciding whether a linear monadic datalog
query can be answered in ACY is PSPACE-complete [Cosmadakis
et al., 1988, van der Meyden, 2000| (without the monadicity
restriction, the problem is undecidable [Hillebrand et al., 1995]).
The same problem for the propositional LTL fragments of datalog,.,
and datalogy,, is also PSPACE-complete [Kurucz et al., 2023].

Our main results in this chapter are as follows:

e It is undecidable whether a given datalogy,-query is rewritable
into FO(<) or FO(<, =) (unconditionally), into FO(<, MOD)
(if ACC" # NL) and into FO(RPR) (if NC* # NL).

e Answering any connected datalogy,-query is either in AC® or
in ACCY\ ACY, or NC'-complete, or L-hard—and anyway it
is in NL.

Dropping the past-time operators O~ and ¢~ from the languages
has no impact on these complexity results. Moreover, we obtain as
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a corollary of the second point that it is decidable whether a con-
nected datalogy,-query is FO(RPR)-rewritable is PSPACE-complete
(if NC' # L). Checking whether it is rewritable into FO(<),
FO(<, =) or FO(<,MOD) is in EXPSPACE.

Thus, the temporal operators O/O~ and /¢~ exhibit drasti-
cally different types of interaction between the object and temporal
dimensions. To illustrate the reason for this phenomenon, consider
first the following data]ogl?n—program:

G(z) + A(z) NOR(z,y) AOD(y), (5.1)
D(z) + OD(z),
D(z) + B(x).

Suppose a temporal database consists of timestamped facts A(a,0),
R(a,b,1), B(b,5). We obtain G(a,0) by first applying rule (5.3)
to infer D(b,5), then rule (5.2) to infer D(b,4), D(b,3), D(b,2), and
D(b,1), and finally rule (5.1) to obtain G(a,0). Rules (5.2) and (5.3)
are applied along the timeline of a single object, b, while the final
application passes from one object, b, to another, a. To do so, we
check whether a certain condition holds for the joint timeline of a
and b, namely, that they are connected by R at time 1. However,
if we are limited to the operators O/O~, the number of steps that
we can investigate along such a joint timeline is bounded by the
maximum number of nested O/O~ in the program. Therefore, there
is little interaction between the two phases of inference that explore
the relational and the temporal domains. In contrast, rules with
¢/0~ can inspect both dimensions simultaneously as, for example,
the rule

G(z) + OR(z,y) A D(y). (5.4)

In this case, inferring G(a,0) requires checking the existence of an
object b satisfying D(b,0) and R(a,b,£) at some arbitrarily distant
moment ¢ in the future. Given that our programs are monadic, the
predicate OR(z,y) cannot be expressed using operators O/O~ only.



100 Chapter 5. On rewritability of datalog®® queries

Our positive results are proved by generalising the automata-
theoretic approach of Cosmadakis et al. [1988]. As a by-product,
we obtain a method to decompose every connected datalogl?n—query
(I1, G) into a plain datalog part (Il4, G) and a plain LTL part (IL;, G),
which are, however, substantially larger than (II,G), so that the
data complexity of answering (II, G) equals the maximum of the re-
spective data complexities of (Il4, G) and (II;, G). This reinforces
the “weakness of interaction” between the relational and the tempo-
ral parts of the query when the latter is limited to operators O/O~.
We also provide some evidence that, in contrast to the non-temporal
case, the automata-theoretic approach cannot be generalised to the
case of disconnected queries.

The undecidability of the decision problem for datalogy,-queries
is proved by a reduction of the halting problem for Minsky machines
with two counters [Minsky, 1967]|. The construction is similar to that
for Theorem 4.8 of Chapter 4.

The chapter is organised as follows. In Section 5.2, we give some
additional technical definitions. In Section 5.3, we show that check-
ing whether a given query with the operator ¢ or ¢~ has data com-
plexity lower than L is undecidable. Section 5.4 considers datalog,, -
queries by presenting a generalisation of the automata-theoretic ap-
proach of Cosmadakis et al. [1988], which is then used in Section 5.5
to provide the decidability results. We conclude with a discussion of
future work and our final remarks in Section 5.6.

5.2 Additional preliminaries

Connected queries. For a QT L formula ¢, its Gaifman graph is
the graph whose nodes are the variables of ¢ and where two variables
are connected by an edge if they occur in the same atom of ¢. Then,
@ is connected if its Gaifman graph is connected and if it does not
contain propositional symbols. A datalog®® query is connected if so
are all its rules. We note that by our definition, all IDB relations of
a connected monadic query are of arity 1.
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CQs and databases. In the non-temporal setting, a body of a CQ
(a conjunction of atoms), can be seen as a database (a set of facts).
We have a similar correspondence in the temporal setting, for queries
without operators ¢ and ¢~. Indeed, observe that O%(p1 A @2) =
O%1 N O%y and OO~ = O~ Oyp = ¢. Hence we can assume
that any temporal CQ body is a conjunction of temporalised atoms
of the form OF*R(%). Given a temporal CQ ¢ = Ju. (T, u) of this
form, let D, be a temporal database whose objects a, correspond to
the variables z of ¢, and such that R(a,,,...,a,,,¥¢) € D whenever
O'R(z1,...,2;) is in . Then we can, just as in the non-temporal
case, characterise the relation |= in terms of homomorphisms:

Lemma 5.2. For any temporal CQ q(x1, . ..,xx) without ¢ and ¢,
D,0 E q(ay,...,ax) if and only if there is a homomorphism h from
D, to D such that h(ay,) = a;, fori=1,... k.

Expansions for linear monadic queries

It is well-known that a non-temporal datalog query can be char-
acterised via an infinite set of conjunctive queries called its expan-
sions [Naughton, 1989]. We define expansions for datalogj,c and use
them as the main tool in our (un)decidability proofs.

CQ compositions. Let II be a datalog,. program and ¢(z) be
a unary temporal CQ with a single answer variable and containing
a unique IDB atom of II, say D(y). Let p(z) be another temporal
CQ with a single answer variable, and let p’(y) be obtained from
p(x) by substituting x by y and all other variables with new ones
not appearing in ¢(z) and p(z). A composition of ¢ and p, denoted
q o p, has the form of ¢ with D(y) substituted with p’(y). We note
that the variables of ¢ remain present in ¢ o p and z is an answer
variable of g o p. If p contains an IDB atom and g(z) is another
temporal conjunctive query, the composition can be extended in the
same fashion to (¢ o p) o g, and so on. Note that, up to renaming of
variables, (gop)og and go (po g) are the same queries, so we will
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omit the brackets and write gopo g.

Expansions are compositions of rule bodies of a program II. Let
Bi, Bs,...,B,_1 be such that B; is the body of the recursive rule:

Ci(x) « Ai(z,y,u1, ..y um,) A O Ciyi(y), (5.5)
and B,, is the body of an initialization rule
Cp(x) < B(z,v1,...,Um, ). (5.6)

The composition By o -+ o B, is called an expansion of (II, Cy),
and n is its length. The set of all expansions of (II, Cy) is denoted
expand(Il, C1). Moreover, let I'l; be the set of all recursive rule
bodies of IT and T'}; be the set of all initialization rule bodies. Then
each expansion can be regarded (by omitting the symbol o) as a
word in (T'};)* I'Yy, and ezpand (11, Cy) as a sublanguage of (I'f;)* T'%;.
Adopting the language-theoretic notation, we will use small Latin
letters w, u, v, etc., to denote expansions. To highlight the fact that
each expansion is a temporal CQ with the answer variable x, we
sometimes write w(x) € expand(II, Cy).

It is a direct generalization from the case of plain datalog
[Naughton, 1989] that D,II = Ci(a,?) if and only if there exists
w(x) € expand(II, Cy) such that D, ¢ = w(a).

5.3 Rewritability is undecidable for
datalog;y

Our first result about checking rewritability of a given query is neg-
ative.

Theorem 5.3. It is undecidable whether a given datalogy,-query
can be answered in AC?, ACC® (if ACC® # NL), or NC' (if
NC! # NL). It is undecidable whether the query is NL-complete.
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Let M = (5,2, s9,0) be a 2-counter machine. We construct a con-
nected linear query (Il5s, G) using the operator ¢ only, such that it
is FO(<)-rewritable if M halts, but otherwise becomes NL-complete
(and thus not even FO(RPR)-rewritable, provided that NC' # NL).
The case of the operator ¢~ instead of ¢ is symmetric.

Overview of the construction

We repeat again that a configuration of a 2-counter machine M has
the form (s,cq,c2) with s the current state and ¢, co the current
counter values, and that a computation of M is a sequence of con-
figurations

(5076(1)76(2))7 (515 C%a C%)a sy (8"—176?_1’ Cg_l) (57)

such that for each i < n — 1 we have d(s;,sgn(c}),sgn(ch)) =
(Si+1,€1,€2) and cj-“ = c§» +e,0<i<n—1

Compared with the proof of Theorem 4.8, the construction is
dual: we want the query to be “easy” when M halts and “difficult”
when it does not. By relying on the datalog syntax, we are also
able to use a simpler database schema. In fact, we need just three
EDB relations T, Uy, Us, which stand for “transition”, “first counter
update”, and “second counter update”, respectively. States of M,
instead, will be represented by IDB relations, and therefore we have
to keep them monadic. Thus, configurations of M will correspond
to objects of a temporal database and relation triples of 7', U; and
U, will play the role of transitions. As before, a computation of M
will be represented by a sequence of nodes connected by such triples.
Our program IT; will generate an expansion along such a sequence,
trying to assign to each configuration an IDB that represents a state
of M, which will be possible while the placement of the connecting
roles on the temporal line follows the rules of the transition function
6. If the machine halts, there is a maximum number of steps we can
make, so the check can be done in AC®. If M does not halt, how-
ever, it has arbitrarily long computations, and the query evaluation
becomes NL-complete.
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Computation paths and violations

A configuration (s, c1,c2) is represented by an object a and three
timestamps £, £1, {5 such that £ = £o+c; and f5 = £g+co. The val-
ues of the counters ¢; and co are indicated, respectively, by existence
of connections Uy (a,a’,¢1) and Us(a,a’,f2) to some object a’ that
is supposed to represent the next configuration in the computation.
For the transition to happen, we also require T'(a,a’, £y). A database
D contains a computation path corresponding to the computation
5.7, if there is a pair (o,4y), with ¢ = (ag,...,a,) € obj(D)" 1,
such that the following properties hold for 0 < j < n:

e T'(0j,0411,%)

o Ui(0j,0511,b0+¢c}) €D

o Ux(0j,0541,00 + c3) €D

In this section, we will only consider computations, and therefore
computation paths, where ¢ = ¢ = 0.

Two types of problems may be encountered on such a path. A
representation violation occurs when an object has more than one
outgoing edge of type T, Uy, or Us. A transition violation of type
(si,a, B) is detected when there are two consecutive nodes 0,041,
o = sgn(c]), 8 = sgn(ch), and (s, a, 8) # (s;11,¢] "' —], T =d)).

The program IIp; will look for such violations. It will have an
IDB relation symbol S; per each state s; of M. The initialisation
rules allow to infer any state IDB from a representation violation,
and the IDB S; from a transition violation of type (s;,a, ). The
recursive rules then push the state IDB up a computation path fol-
lowing the rules of § and tracing ’backwards’ a computation of M.
Once II); infers the initial state IDB at a position with zero counter
values, we are done. It remains to give the rules explicitly.
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The program II,,

We use a shortcut ¢* to mean a ‘reflexive’ version of ¢, i.e. 0*p =
Op V. Clearly, every rule with 0* can be rewritten to an equivalent
set of rules without it. We need the rules:

S;i(z) + O*RV(z), for all s; € S (5.8)
RV (z) + T(z,y) AN OT(x, 2) (5.9)
RV (x) <+ Ur(z,y) A QU (x, 2) (5.10)
RV (x) «+ Us(z,y) A OUs(x, 2) (5.11)

to detect representation violations. For transition violations, we first
define IDBs NEZ, where ¢ € 1,2 stand for the respective counter
and € € {—1,0,1} stands for the change of that counter value in a
transition. Each NFE detects situations when a correct transition
was not executed, e.g. having € = —1, the timestamps ¢ and ¢ that
are marked by an outgoing U, in consecutive configurations satisfy
C—1>/0,¢0=1"0,or ¢ </, which they should not. The rules are
the following;:

NE; (y) < Ucly, 2) AUc(,y) (5.12)
NEY(y) + Ud(y, 2) A 00U (z,y) (5.13)
NE;(y) + Ue(z,y) A <>U (y, 2) (5.14)
NEX(y)  Uely, 2) A (5.15)
NE:(y) < Uely, 2) A <>U (rc y) (5.16)
NE}(y)  Uc(,y) A 0OUe(y, 2) (5.17)
NEX(y) < Ue(y, 2) A OUc(,y) (5.18)
NE(y) < Uel(@,y) A OU(y, 2) (5.19)

for ¢ € {1,2}. Then, again, any state can be inferred from a viola-
tion:

Si(x) « O*NES () A O“Uy (2, y) (5.20)
Si(x) « O*NES2(y) A OPU(z,y) (5.21)
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for each transition d(s;, o, 8) = (sj,€1,¢2), and for all 1,62 when
0(s4, @, B) is not defined. Finally, we require

Si(z) « T(z,y) AO°UL(z,y) AOPU(z,y) A S;(y) (5.22)
G(z) < So(x) AUy (z,y) A Us(x,y) (5.23)

This finalises the construction of (Il;, G).

Any expansion of (ITys, G) starts with the body of the rule (5.23)
and then continues by a sequence of bodies of the rules of the form
(5.22) and ends with a detection either of a representation viola-
tion, defined by (5.9)—(5.11), or of a transition violation, defined by
(5.20)-(5.21). If M halts in m steps, it is enough to consider expan-
sions containing no more than m bodies of (5.22). Each expansion
is a temporal CQ and can be rewritten into a FO(<) formula. The
disjunction over all expansions with less than m bodies of (5.22) is
then a FO(<)-rewriting of (ITys, G).

If, on the contrary, M does not halt, we can use expansions rep-
resenting arbitrarily long prefixes of its computation for a reduction
from directed reachability problem, rendering answering of (I, G)
hard for NL.

Lemma 5.4. If M halts, (s, G) is FO(<)-rewritable. Otherwise,
answering it is NL-hard.

5.4 Automata-theoretic tools for con-
nected datalogy,

From now on, we focus on connected queries that use operators
O and O~ only. In this section, we develop a generalisation of
the automata-theoretic approach to analysing query expansions pro-
posed in Cosmadakis et al. [1988]. In Section 5.5 we use this ap-
proach to study rewritability of this kind of queries.

Recall from Section 5.2 the definitions of composition and ex-
pansion of rule bodies, alphabets I'f; and T}, and the language
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ezpand (I, G) C (I';)*(I'y). We observe that for any sequence of
rule bodies By,...,B,_1 € I'; and B, € T’y the compositions
Byo---0B,_1 and Byo---0B,, are well-defined. They are words in the
languages (I';)* and (I';)*(I'4), respectively. Note that Bjo---0B,
is a temporal CQ over schema EDB(IT), while Bjo---0 B, is that
over EDB(IT) U IDB(II), since it contains the IDB atom of B,_;.
For w € (I'})*(I'Y), Dy is defined as the (temporal) database corre-
sponding to (temporal) CQ w, while for w € (I'[;)* we define D,, as
the database corresponding to the CQ obtained from w by omitting
the IDB atom. For either w, D,, is over the schema EDB(IT). Hav-
ing that, we define the language accept(Il,G) C (I'p)* U (Th)*(Th)
of all words w € (T'f;)* U (I'f;)*(I'y;) such that (IL, Dy,) = G(ax, 0).

Plain datalog queries are either FO-rewritable (called bounded),
or L-hard (unbounded), and a criterion of unboundedness can be
formulated in language-theoretic terms [Cosmadakis et al., 1988]: a
connected linear monadic plain datalog query (II, G) is unbounded
if and only if for every k there is w € expand(Il, G), |w| > k, such
that its prefix of length & is not in accept(Il, G).

Example 5.5. The query (II, G), where II is given by the following
plain datalog rules, is unbounded.

G(x) < R(z,y) N S(y,z) A G(y) (5.24)
G(x) + A(x) (5.25)

However, if we substitute the rule (5.25) with another initialisation
rule

G(z) < S(z,y) N S(y, 2) (5.26)

it becomes bounded because for every w € expand(Il,G), |w| >
2 its prefix of length 2 is in accept(Il,G). To see this, consider
the expansions of the query, i.e., expand({(5.24), (5.26)}, G) given in
Figure 5.2. -

Cosmadakis et al. [1988] construct finite state automata for
languages expand(Il,G) and notaccept(Il, G), the complement of
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Figure 5.2: Illustrations for the query {(5.24), (5.26)}, G) of Exam-
ple 5.5.

accept(IT, G), and use them to check their criterion in polynomial
space. Our goal is to generalise this technique to the temporal case.
However, we cannot use finite automata to work directly with se-
quences of rule bodies, since the language accept(Il, G), in the pres-
ence of time, may be non-regular, as demonstrated by the following
example.

Example 5.6. Consider a program

G(z) + R(z,y) ANG(y) G(z) + A(x) AN OG(x)
G(z) < P(x) NO™ G(x) G(z) < P(z) A R(y, x).

Denote its rule bodies By (z,y) = R(z,y) A G(y), Ba(z) = A(z) A
OG(z), and Bs(x) = P(z) A O~ G(x), and the composition w =
B1B3ByB3B3B;. The composition w is in accept(Il, G), and the
corresponding database D,, is given in Figure 5.3a. In general, a
composition of the form By By B% is in accept(Il, Q) if and only if
n < k, which, by a simple application of the pumping lemma, is a
non-regular language. a
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(a) The temporal database (b) The temporal database D, for w =
D for w = B1BaB2B3BsBs  B?B3B5ByB; of Example 5.7.
of Example 5.6.

Figure 5.3: Expansions of datalogy, queries.

A compressed encoding for expansions

We introduce a larger alphabet and define more general versions of
the languages expand(Il, G) and accept(Il, G) to regain their regu-
larity. Recall that every composition w of rule bodies gives rise to
a temporal database D,,. Instead of working with w, we use an ex-
ponentially larger alphabet Q = 2InUI'nY{L.T} to describe D, as a
word and define analogues of expand(II, G) and accept(Il, G) over
that alphabet. Consider a recursive rule

D(z) < OMRy(U)A--- ANOFR,(U,) AOFE(y), (5.27)

where E(y) is the unique IDB atom in the rule body and k;, k € Z.
We call such a rule horizontal if x = y and wvertical otherwise. In
a composition w € (I'f)* U (T)*T%, a vertical (horizontal) seg-
ment is a maximal subword that consists of vertical (respectively,
horizontal) rule bodies. For every composition w we define the de-
scription [w] € Q* of the respective database D,, as follows. Let
W = UIV1UV3 . .. UpVy, Where u; are vertical segments and v; are
horizontal segments, with u; and v, possibly empty. For each
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u; = By ...By, we set [u;] to be the sequence {By}...{B,} of sin-
gleton sets, each of which contains a vertical rule body. For each
v; = By ... By, we construct [v;] in n steps, as follows. Recall that
Bj, 1 < j < n, has the form A;(z,u) A O™ D(x), where D(z) is
the unique IDB atom in B;. Let {; = 0 and ¢; = Zf;ll m,; for
Jj < n. Intuitively, ¢; is the moment of time where the body B;
lands in the composition By o---0B,,. Let ¢, ..., ¢, be the ordering
of the numbers in the set {¢;}"_; in the increasing order. We set
Olg;c to be {BJ | gj = f;c} for é;c ¢ {Zl,gn}, {BJ | gj = fl} U {J_}
for ¢), = 0 # Lo {B; | £; = £,} U{T} for £} = ¢, # {1; and
{Bj | t; = 643} U{T, L} for ¢} = ¢; = {,. Additionally, we set
ap =& for ke [0, 0]\ {¢4,...,0.}. Now we take [v;] = .

Finally, [w] = [u1][v1] ... [un][vn]. We use the symbol A to refer
to letters of [w]. We call letters of the form {B}, where B is a
vertical rule body, vertical letters, and the rest—horizontal letters.
Consequently, we can speak of vertical and horizontal segments of
[w], meaning maximal segments composed of vertical (respectively,
horizontal) letters only.

Intuitively, [w] describes D,,, which can be seen as composed of
DuysDuys -y Dy, s Dy, , described by [ug], [v1], ..., [un], [vn], respec-
tively. The symbol 1, representing a vertical line meeting a hori-
zontal one, marks the point in time where D,,, is connected to D,,,
while the symbol T, analogously, shows where D,, is connected to
D

Wi41"

Example 5.7. Recall the rule bodies of Example 5.6 and consider
the composition w = B?B2B3ByB;. The corresponding D,, is de-
picted in Figure 5.3b. Then u; = B%, v = B%BgBQ, uy = B1 and
vy is empty. Thus, [w] is equal to

{BiH{B1H{B2H{T, Bs}{B3}{L, Ba, B3}{ B2, Bs}{Bs}{B1} (5.28)
_|

Not every word over €2 correctly describes a temporal database.
This motivates the following definition: « € * is correct if (i) every
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symbol A is either a singleton (standing for a vertical rule body) or
a set of horizontal rule bodies, with a possible addition of 1, T, and
(ii) every horizontal segment of a preceded by a vertical segment
contains exactly one 1, and every horizontal segment followed by
a vertical one—exactly one T. A correct word o € * describes
a temporal database D, similarly to how [w] describes D,,. For-
mally, break « into vertical/horizontal segments pjv; ... p,v,. For
a vertical segment p; = {B1}...{Byn}, set Q,, = Bio---0 B,.
For a horizontal segment v; = A;... Ay, let A; be the one con-
taining 1 and A —containing T. Then @, is the conjunction of
rule bodies from v;, where each B € A; is prefixed by O7=7+, plus,
if i # n, an IDB atom O’T 7+ D(xz). Finally, set D, = Dg, for
Qo = Qu ©Qu, 0+ 0Qy, ©Qy,. This Q. will also be useful
further.

Expansion languages

We are now ready to define languages over 2 that will be useful
to study the data complexity of our queries. Let Accept(Il, G) be
the language of correct words « such that (II, D,) E G(a,0), with
a; € obj(Dy,), and NotAccept(Il, G) be its complement.

We also need to define the language of expansions over the alpha-
bet 2 that we will use together with the language NotAccept(1l, G)
to formulate a criterion for L-hardness similar to the one of Cos-
madakis et al. [1988]. It would be natural to take the language of
expansions as {[w] | w € expand(Il,G)}. However, it is harder to
define an automaton recognising such a language than it is for the
language of [w]s as above where each horizontal letter [w]; may be
extended (as a set) with arbitrary “redundant” rule bodies, and each
horizontal segment may be extended, from the left and right, by “re-
dundant” horizontal letters. For example, we will include into the
language of expansions the word

{BiH{B1{Bs}{ B2, Bs{T, B3 }{ B2, Bs }{ L, B2, B3 }{ Ba, B3 }{ B3 }{ B1}

alongside (5.28). It turns out that the latter language works for our
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required criteria as well as the former one.

Formally, if o, 8 € QF, we write a < [ if a = pyvy ... puavy
and 8 = v} ... p,v),, where p; are vertical segments and vy, v}
are horizontal segments, and if v; = Ay ... Ay, vj = Al ... AL, then
there is & > 0 such that m +k < s and A; C A;‘-s-k’ 1<j<m
We define Expand(Il, G) to be the set of correct words o € 2* such
that [w] < « for some w € expand(Il,G). It is important for our
purposes that these languages are regular. For Expand(Il,G), the
rules of the program IT may be naturally seen as transition rules of
a two-way automaton whose states are the IDBs of II (plus a final
state). The initial state is the one associated with G, and the final
state is reached by an application of an initialisation rule.

Lemma 5.8. For any connected datalog), -query (I, G), the lan-
guage Expand (11, G) is regular.

The case of NotAccept(Il, @) is more involved. Generalising
from Cosmadakis et al. [1988], for an automaton to recognise if
« € NotAccept(I1, G) it suffices to find a flat model M of D, and
check that 901 is also a model of IT and that it does not satisfy
G(ag,0). Moreover, since II is connected, for 2t to be a model it is
enough that every “piece” of 9 of radius |II|, in terms of Gaifman
graphs, satisfies all the rules. The idea is to precompute the answer
for each such piece and encode them in the state-space of the au-
tomaton. The problem, specific to the temporal case, is that even
flat models are still infinite in the temporal dimension. To resolve
this, we observe that there are finitely many EDB atoms in any flat
model 9t. Since, once again, II is connected, to check that rules
with EDBs are satisfied it is enough to consider only those pieces of
M that contain an EDB atom. For the rest of the rules, it suffices to
check if such a finite piece can be extended infinitely in time to give
a model of TI. The rules without EDBs can be seen as LTL rules, so
we can employ satisfiability checking for LTL to perform this check.

Lemma 5.9. For any connected datalogy,, -query (II,G), the lan-
guages NotAccept(Il, G) and Accept(IL, G) are regular.
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5.5 Decidability for connected datalogy,

We use the automata introduced in the previous section to establish
a decidable tetrachotomy of data complexity for datalogl?n queries,
from which we will derive results on rewritability checking.

Theorem 5.10. (i) Answering a connected datalog,, query is ei-
ther in AC°, or in ACCP \ ACP, or NC*-complete, or L-hard, for
data complexity. (i) It is PSPACE-complete to check whether an-
swering a given query is L-hard (if NC' # L); whether it belongs to
AC®, ACCP, or is NC'-complete can be decided in EXPSPACE.

We first deal with (). Intuitively, L-hardness is a consequence
of the growth of query expansions in the relational domain. If this
growth is limited, the query essentially defines a certain temporal
property, which can be checked in NC'.

Vertical boundedness

Given a word « € %, we define height(a) as the number of vertical
letters in . Then, we call a query vertically unbounded if for every
k there is a word o € Accept(Il, G), height(a) > k, such that every
prefix of « of height & is in NotAccept(Il, G). Otherwise, the query
is called wvertically bounded.

Vertically unbounded queries can be shown to be L-hard
by a direct reduction from the undirected reachability problem.
Namely, take the deterministic automata for NotAccept(Il, G) and
Accept(11, G), supplied by Lemma 5.9, and apply the pumping
lemma to obtain words &, v,(,~ such that height(v) > 0, &vi¢ €
NotAccept(I1,G) and &viCy € Accept(Il,G), for all i > 0. Then,
given a graph G and two nodes s, t, use copies of D,, to simulate the
edges of G, and attach D¢ to s and D¢, to ¢t. Thus, you will obtain
a temporal database Dg, where Dg,II1,0 = G(s) if and only if there
is a path from s to .

Lemma 5.11. If a query is vertically unbounded, then it is L-hard.
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Observe that (II, D) = G(a,f) whenever D, ¢ = Q. (a) for some
a € Accept(Il,G). If D4 E Qqla), then py,v1,..., 00, tin, the
vertical and horizontal segments of «, appear in D, starting from
a at time ¢. Expand v; to v}, the <-maximal horizontal segment
fitting in D, and let 8 = v} ... pupvl,. Then f € Accept(Il, G)
and D,¢ = Qg(a). Thus, to check (II, D) = G(a,¥), it suffices to
find vertical segments of some « € Accept(Il, G), taking <-maximal
horizontal segments, and check that 5 € Accept(Il,G). If (I, G)
is vertically bounded, there are finitely many vertical segments of
interest. Finding vertical segments, as well as extracting <-maximal
horizontal ones, can be done by a constant-depth circuit.

Lemma 5.12. If (II, G) is vertically bounded, then the data complez-
ity of answering (IL, G) coincides with that of checking membership
in Accept(Il, G), modulo reductions computable by constant-depth
circuits.

Recall that Accept(Il, G) is a regular language, so checking mem-
bership in it is either in AC?, or ACC®\ AC, or NC'-complete
[Straubing, 1994]. This settles the part (i) of Theorem 5.10: a
query is either vertically unbounded and thus L-hard, or vertically
bounded and thus belongs to one of the three classes mentioned
above.

Deciding data complexity and rewritability

It remains to address the part (i) of Theorem 5.10. By a
careful analysis of the proof of Lemma 5.9 one can show that
NotAccept(Il,G) is recognised by a nondeterministic automaton
of size 2P°W(ID  Further, checking whether its language belongs
to ACY, ACC® \ ACY or is NC'-complete, can be done via
the polynomial-space procedure developed by Kurucz et al. [2023].
Thus, given a vertically bounded query, its data complexity can be
established in exponential space.

For the vertical boundedness itself, note that substituting
Accept(Il, G) with Expand(II,G) in the respective definition pre-
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serves all the results proven so far. For Ezpand(Il,G), we can get
from Lemma 5.8 an exponential-size one-way automaton. Checking
that the query is vertically unbounded can be done in nondetermin-
istic space logarithmic in the size of the automata for Ezpand (I, G)
and NotAccept(Il, G), as it boils down to checking reachability in
their Cartesian product.

Lemma 5.13. Checking if a connected data]ogl?n query is vertically
bounded is in PSPACE.

For the lower bound, we show that checking boundedness is al-
ready PSPACE-hard for connected linear monadic queries in plain
datalog. In fact, PSPACE-hardness was proved by Cosmadakis et al.
[1988] for program boundedness of disconnected programs. A pro-
gram II is called bounded if (II, G) is bounded for every IDB G in
ITI. We were able to regain the connectedness of Il by focusing on
query boundedness (also called predicate boundedness) instead. The
idea combines that of Cosmadakis et al. [1988] with that of Section
5.3: define an IDB F that slides along a computation, this time of a
space-bounded Turing machine, looking for an erroneous transition.

Lemma 5.14. Deciding boundedness of connected linear monadic
queries in plain datalog is PSPACE-hard.

Deciding rewritability. It follows from the above that a verti-
cally unbounded query is not FO(RPR)-rewritable. By contrast,
answering a vertically bounded query (II, G) reduces to membership
checking for the language NotAccept(I1,G). Recall that reductions
computable by constant-depth circuits can be expressed in first-order
logic, and that the property a € L for a regular language L is always
definable in FO(RPR) [Immerman, 1999]. Moreover, it is definable
in FO(<, =) and in FO(<,MOD) precisely when membership prob-
lem for L belongs to AC? and ACCY, respectively [Immerman, 1999,
Kurucz et al., 2023]. Consequently, the complexity bounds for check-
ing rewritability into these languages follow directly from part (i7)
of Theorem 5.10.
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A decomposition to one-dimensional queries

Lemmas 5.11 and 5.12 bring us to an interesting consideration: to
understand the data complexity of a given query one should analyse
its behaviour in the relational domain separately from that in the
temporal domain. This can be given a precise sense as follows.

Proposition 5.15. For every connected datalog,, query (II,G)
there exist a datalog query (Ily,G) and LTL query (II;,G), such
that:

1. (II, G) is vertically bounded if and only if (Ilg, G) is bounded;

2. if (Il, G) is vertically bounded then the data complexity of an-
swering it coincides with that for (Il;, G).

This highlights the ‘weak’ kind of interaction between the two
domains provided by the operators O and O~. Given the undecid-
ability results of Section 5.3, no such or similar decomposition is
possible for queries with .

Technically, both II; and II; are obtained by simulating the de-
terministic automaton Ay ¢ for the language Accept(Il, G) provided
by Lemma 5.9. In both programs, the IDBs correspond to the states
of Apr,¢ and EDBs to the letters of 2. For II; these EDBs are unary
and all the rules are horizontal, so that the expansions unwind fully
in the temporal domain. In the case of II;, the EDBs are binary and
every vertical transition of Ay ¢ is a step by a binary relation, while
the horizontal transitions are skipped (thus, vertical boundedness
becomes just boundedness). In both programs, initialisation rules
correspond to Ar ¢ reaching an accepting state.

A note on disconnected queries

We conclude this section with a consideration on disconnected
queries. In Cosmadakis et al. [1988], deciding boundedness is based
on the fact that accept(Il, G) remains regular even when II has dis-
connected rules. This is not the case for datalogy,, as can be seen
from the following example.
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Example 5.16. Consider the program II of four rules:

G(z) < A(x) NOD(x) D(z) + OD(x)
D(z) < R(z,y) NOTB(y) N\O™D(y)  D(x) = A(y) A B(z)

Let By = A(z)AOD(x), B = OD(z), and B3 = R(x,y)AO~ B(y)A
O~ D(y). Then B; By BY* € accept(Il, G), and, consequently,

{L, By H{B2}"{T}H{Bs}™ € Accept(Il,G), whenever m > n > 1.
This property is not recognisable by any finite state automaton. For
more general classes of automata suitable to recognise accept(1l, G)
or Accept(Il, G) in the disconnected setting, the properties that are
to be checked along the lines of Cosmadakis et al. [1988], such as
language emptiness or finiteness, become undecidable. Therefore,
disconnected queries possibly require a different approach to analy-
sis. B

5.6 Discussion

We have investigated the complexity of the rewritability problem
for some natural classes of monadic datalog queries with temporal
operators.

For linear connected queries with operators O/O~, we have
generalised the automata-theoretic technique of Cosmadakis et al.
[1988], developed originally for non-temporal datalog, to establish an
AC’/ACCY/NC!/L/NL classification of temporal query answering,
and proved that deciding L-hardness of a given query is PSPACE-
complete, while checking its membership in AC® or ACC® can be
done in EXPSPACE. As a minor side product, we have established
PSpACE-hardness of deciding boundedness of atemporal connected
linear monadic datalog queries.

In sharp contrast to the O/O~ case, it turns out that checking
(non-trivial) membership of queries with operators ¢ /¢~ in the above
complexity classes is undecidable.

The results of this chapter lead to a plethora of natural open
questions. Some of them are briefly discussed below.
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. What happens if we disallow applications of ¢/¢~ to binary

EDB predicates in datalogf,-queries? We conjecture that this
restriction makes checking membership in the above complex-
ity classes decidable. In fact, this conjecture follows from a
positive answer to the next question.

Can our decidability results for datalogy,, be lifted to
datalog,%—queries? Dropping the linearity restriction in the
atemporal case results in the extra data complexity class, P,
and the higher complexity, 2EXPTIME-completeness, of decid-
ing boundedness. The upper bound was obtained using tree
automata in Cosmadakis et al. [1988], and we believe that this
approach can be generalised to connected datalog,,-queries in
a way similar to what we have done above.

On the other hand, dropping the connectedness restriction
might turn out to be trickier, if at all possible, as shown by
Example 5.16. Finding a new automata-theoretic characterisa-
tion for disconnected data]ogl?n—queries remains a challenging
open problem.

A decisive step in understanding the data complexity of an-
swering queries mediated by a description logic ontology and
monadic disjunctive datalog queries was made by Bienvenu
et al. [2014], Feier et al. [2019], who established a close con-
nection with constraint satisfaction problems (CSPs). In our
case, quantified CSPs (see, e.g., Zhuk [2024]) seem to be more
appropriate. Connecting the two areas might be beneficial to
both of them.
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Conclusions

In this thesis, we studied several ways of extending relational ontol-
ogy languages—the description logics ££ and DL-Lite, and the re-
cursive query language datalog—with temporal operators. Our cen-
tral question was how these extensions affect the expressive power
of the underlying languages and, consequently, the complexity of
the main reasoning tasks: answering ontology-mediated queries and
checking rewritability into standard database query languages.

We observe that all of our undecidability proofs that require
substantial expressive power—such as simulating conjunctive
grammars in temporal £L or counter machines in temporal
DL-Lite and datalog—depend on applying temporal operators
to binary relation symbols, a feature known in the literature as
non-monodicity [Hodkinson et al., 2001]. In expressive languages,
non-monodicity is well known to cause undecidability of consis-
tency checking. Our results show that even over lightweight base
languages, where adding very limited temporalised non-monodic
relations still preserves decidability of consistency checking, unde-
cidability may nevertheless emerge for more delicate reasoning tasks.

For £L extended with the operator O (“at the next moment”),

119
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we established a correspondence between ontologies and conjunctive
grammars. In the context of ontology-mediated queries, this corre-
spondence is important in two respects. From a theoretical perspec-
tive, it provided a powerful tool for analysing the expressive power
of the logic and the complexity of query answering, allowing us to
settle open questions that remained resistant to standard methods
from the model theory of temporal description logics. From a prac-
tical perspective, the same connection is promising because it relates
query answering to the well-developed area of string parsing and pro-
cessing, with its highly optimised algorithms and implementations,
which could potentially be used off the shelf for query answering.

We believe, however, that this correspondence is also of inde-
pendent interest in the broader setting of temporal ontology lan-
guages. It extends the classical connection between linear temporal
logic and regular languages and suggests a more refined language-
theoretic perspective on temporal logics. This points to an intriguing
research direction: what other language-theoretic phenomena can be
captured by temporal ontologies? An even bolder question concerns
the number-theoretic properties of sets of the form

{neZ|OkEVZ.R(@) — O"S(T)}.

Answering such questions may yield deeper insight into the sources
of complexity in temporal reasoning.

We also showed that applying the operator ¢ (“eventually in
the future”) to binary relation symbols, even in a highly restricted
guarded form, suffices to axiomatise computations of 2-counter ma-
chines. In temporal DL-Lite, this increase in expressive power can
be traced to the ability to derive new binary facts via role inclusions.
In monadic linear datalog, the jump in expressiveness relative to the
non-temporal case is even more striking. In particular, the undecid-
ability of first-order rewritability for linear monadic datalog queries
with ¢ indicates that expansions of such queries cannot be analysed
independently of the data. This raises a broader question: since
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the expressiveness of fragments of datalog can be characterised via
their correspondence with classes of constraint satisfaction problems
[Feder and Vardi, 1998, is there a natural analogue of this correspon-
dence for datalog extended with ¢7

By contrast, the operator O behaves in a more “relational” way,
at least for connected queries: under a suitable encoding, their ex-
pansions can be analysed using automata-theoretic techniques, much
like in the non-temporal case. However, these results are currently
limited to connected queries. In the non-temporal setting, discon-
nected queries typically have the same complexity as connected ones,
although proving this requires more intricate constructions. In the
temporal setting, by contrast, our intuition is that disconnected
queries require an essentially different approach. It would be rather
surprising! if the complexity of the general case turned out to coin-
cide with that of connected queries.

Still within the connected setting, it should be possible to extend
our results to arbitrary monadic connected queries with O (that is,
not necessarily linear ones) by temporalising the tree automata of
Cosmadakis et al. [1988]. Although disconnected queries present an
interesting theoretical challenge, connectedness remains a natural
and practically relevant restriction. The methods developed in this
thesis may therefore support the search for rewritings that enable
more efficient use of datalog over temporal databases.

An important limitation of both the language-theoretic tech-
niques used for temporal ££ and the automata-theoretic tools ap-
plied to datalog is that they assume unary encoding of timestamps
in databases and of the iteration counts of nested temporal opera-
tors in ontologies. From a theoretical point of view, this does not
undermine the comparison of ontology languages, since all of them
are studied under the same encoding assumptions. For practical
query answering, however, algorithms that work directly with bi-

LA result is surprising if it surprises at least one person. The definition of an
interesting result is analogous and left to the reader.
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nary notation may be more efficient. For temporal ££, we note a
development obtained after the original submission of this thesis,
extending the results reported here to binary encoding of numbers
in both databases and ontologies [Gnatenko and Kontchakov, 2026].
For the future fragment of temporal £L£, however, this result essen-
tially confirms that binary encoding offers no more efficient alter-
native than expanding to unary form, at an exponential cost. By
contrast, for the linear fragment, a more efficient method was found.
In the case of temporal datalog, our main concern was rewritability
checking rather than query answering, so the only numbers involved
are those that count the nesting depth of temporal operators. In this
setting, unary encoding remains a natural choice, since it directly re-
flects the length of the formulas themselves. Even so, understanding
the effect of binary encoding remains an interesting and worthwhile
challenge.



Appendix A

Proofs for Chapter 2

A.1 Proofs for Section 2.5

Proposition 2.7. For a temporal CQ q(T), checking whether D, { |=
q(@) is in AC for data compleity.

Proof. We show that there exists an FO(<)-formula 14(Z,t) such
that for any D, any @ € obj(D)!, and any ¢ € tem(D), D,/ |= ¢(a)
if and only if D |= ¢,(a, £). We first prove two auxiliary lemmas.

Lemma A.1. If p(Z) is defined by (2.35) and has N temporal op-
erators, then for any D with tem(D) = [I,r] and any @ € obj(D)I?!:

D,r+ N+1E=¢@) < D,lE=e@), foralll>r+N (A1)
D,l—N—-1Ey(a) < D,l=p), forallt <l—-N (A.2)

Proof. The proof is by induction. For N = 0, ¢ is a conjunction
of atoms. Clearly, D, ¢ [~ (@) for any ¢ ¢ [I,7]. We justify the
induction step for (A.1), while the case of (A.2) is analogous. We
do another induction on the structure of the formula. The case
o = R(21,...,2n) is trivial. In the case ¢ = p1 Aps by the induction
hypothesis on N everything works. For the temporal operators, we
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consider the most interesting case of ¢ = ¢~ 1, while the other cases
can be proved by a simple application of the induction hypothesis
and are left to the reader. Let ¢ = ¢7¢1. If D, ¢ = & p1(a) for
all £ > r+ N, we are done. Otherwise, let {3 > r + N be the
least timestamp such that D, ¢y | ¢ ¢1(a). By the choice of £,
D, ly—1 = p1(a), where £y—1 > r+N. By the induction hypothesis,
D,r+ N | ¢1(a), and therefore D, £ = ¢ py(a) for £ >r+ N. O

Lemma A.2. Let ¢(Z) be defined by (2.35). For any subformula
#(Z) of ¢, there exist formulas 1,.(Z,t) and ¢ (Z) fori € [-N —
1,...,=1JU[1,..., N + 1], such that for any D with tem(D) = [I, 7]
and any objects @ € obj(D)* we have:
D,l | x(a) < DEY.(a,l), forl<L<r (A.3)
D,(r+i) E »(@) < DEY. (@), for1<i<N+1 (A4)
D,(l+1i) | (@) < DEY.(a), for —N—-1<i<—1 (A.5)

<
<

Proof. The proof is, once again, by induction. For the base case, we
set Yr(Z,t) = R(z,t) and ¢%(z) = L. For an induction step, we
define:

¢%1A%2 = ¢%1 A "/}%2 (AG)

Lroey = Ul AL, for all d (A.7)

1/)0%( Z) = 9¥,.(Z, min D) (A.8)

Yo @) =42 (@) (A.9)

Vh,,(2) = ¥ (z), for all other i (A.10)
V05 (% 1) = [’ =t + 1) A (Z,t)] v

((t = max D) AL (%)) (A.11)

U, @)= \/ vl for0<i<N+1 (A.12)

i<j<N+1
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Ve, )=\ ¥L(E) A3t[(min <t < max) Ay, (Z,1)], (A13)

i<j<N+1
for —N—-1<1<0
wg;:l(z) =y T(z) (A.14)
bo, (7 t) =3[t <t) Az v\ VL3 (A.15)

1<iKN+1

And analogously for O~ and ¢~. The correctness of the induction
step follows from the semantics of temporal operators and the state-
ment of Lemma A.1. O

Now, for ¢ = 3u . (T, u), we apply Lemma A.2 to (T, w) and ob-
tain ¢, (T, 4, t). The required rewriting 1, (T, t) is then the formula
Ju. ¢, (%, u,t). O

A.2 Proofs for Section 2.6

Theorem 2.8. Answering linear datalog® queries is PSPACE-
complete and NL-complete, respectively, for combined and data com-
plexity.

Proof. The lower bound follows from NL-hardness of query answer-
ing for non-temporal linear datalog. For a program II, a rule

C(T) + o(T,7,1) A OFD(y), (A.16)

with k£ € {~1,0,1} and C, D € IDB(II), database instance D, g& €
obj(D) and ¢ € Z, we write C(¢) <, D(d) if D,{ |= Fu. ¢(¢, d, w).

We write C(¢) <, D(d) if there exists a rule (A.16) in IT such that
C(¢) +¢, D(d). Similarly, for an initialization rule

C(T) « »(z, ), (A.17)
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we write C(¢) <7 if D, ¢ = Ju. (¢, u),
and we define C'(¢) <, analogously. Firstly, we observe the following
important monotonicity property:

C(E) ok D(d) iff 0(6) ok D(d)
C(©) « iff C(C) +¢ (A.18)

for any ¢,d, C, D, k as above and any ¢, ¢ € Z such that either ¢, ¢/ >
max D+ K or £, ¢ < minD— K7, where Ky is the maximal number

of nested temporal operators in a rule body of II.
We call

Co(EO) o,ko Cl(él) Ok e Cn(én) (A.lg)

nflakn—l

an entailment sequence from Co(¢%) at £y to Cp(¢") at £, in D
if C; € ]DB(H), ¢ - ObJ(D), l; €7, liv1 = ¥; + k;. An entailment
sequence is called initialized if Cy,(¢") <, . It should be clear that
for all £ € Z and § C obj(D), D,II = G(g,¥) if and only if there
exists some initialized entailment sequence from G(g) at £ in D. Our
aim now is to show:

Lemma A.3. If there exists an initialized entailment sequence from
Co(co) at £y € [minD,maxD] in D, then there exists an initial-
ized entailment sequence Co(co) <—e9.k0 C1(c1) =ty 00 _1.ken_1
Ch(en), with £; € [minD — Ky — My, p, max D+ Ky + My p), where
Mup = 2(|/IDB(I1)|(|obj(D)|)™)?, where m is the mazimal arity
among IDB(II).

Proof. To simplify the notation, we will prove the lemma for the
case m = 1, i.e. for monadic queries. The generalisation for the
non-monadic case is straightforward.

Consider a sequence (A.19) in the assumption of the lemma and
take the minimal ¢ such that:

e cither /; = maxD + Ky + 1 and there exists j > ¢ with {; =
max D + Ky + 2(|[IDB(I1)||obj(D)|)? + 1 and ¢, > ¢; for all
1 <t<j,
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e or {; = minD — Ky — 1 and there exists j > ¢ with ¢; =
minD — Ky — 2(|[IDB(II)|[obj(D)])? — 1 and ¢; < ¢; for all
i<t<jy.

If such 7 does not exist, then the sequence (A.19) is already as re-
quired by the lemma and we are done. We show how to construct

the required entailment sequence for the first case above; the second
is analogous and left to the reader. There are two options:

(a) either for all j > ¢ we have ¢; > maxD + Ky + 1,
(b) or there is j > i with £; = maxD + Ky + 1.

First, we consider (b). Take the minimal such j. We will show how
to adjust (A.19) by replacing the entailment sequence from Cj;(c;) at
¢; to Cj(c;) at £; by another entailment sequence from C;(c;) at ¢;
to Cj(c;) at ¢; satisfying the condition of the lemma. To this end,
it will be convenient to consider derivation sequences Co(cg) <k,
Ci(c1) ¢k, -+ ¢k, Cnlcn) with k; € {—1,0,1}. We denote such
a sequence by der and let shger(0) = 0 and shger(i) = Zj;%) k;
for 0 < i < n. We denote by der({y) the entailment sequence
OO(CO) 2o,ko Ch (Cl) Slotkokr T lotkotrtkn_1kn Cn(cn)
Let der be Ci(c;) <, --- <k,_, Cj(c;) such that der(¢;) =
Ci(ci) <o,k =+ ¢, 1,k;_, Cj(cj). It follows from the minimal-
ity of j that min{shger(i)} = 0 and shger(j) = 0. It should be clear
that if we are able to convert der to

der’ = Cj(cp) <iy C1(ch) <y ks Cralchy) (A.20)

m

such that

Colch) = Cilci), Cr(ern) = Cjlcy), min{shae, (i)} = 0,
shaers (m) = 0, and max{shaer (i)} < 2(/IDB(IT)||obj(D)|)%,
(A.21)

then we are done. Indeed, due to (A.18), if der and der’ are
two derivation sequences with the same initial C(c), the same final
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D(d), and satisfying min{sh(i)} = 0, then der’(maxD + K + 1)
is an entailment sequence iff der(maxD + Ky + 1) is an en-
tailment sequence. In der, consider the smallest i’ such that
shaer(i') = (|IDB(I1)||obj(D)[)? and then the smallest j’ > i’ such
that shger(5') = (|[IDB(I1)||obj(D)])? (both i’ and j' must exist
by our assumptions). If der’ = Ci(cir) <, Ciyi(cit1) <k,
..Cj/(cjr) is such that max{shger (i )} < (|IDB( )HObJ( ))?, then
we proceed to find the new ¢’ > j and the new j such that
shaer (') = shder(j') = (JIDB(I1)||obj(D)|)? and treat the new i, j’
as the initial ones. Suppose, on the other hand, max{shger (i)} >
(|IDB(I)||obj(D)])%. It follows that there exists a pair C(c), D(d),
i " with i <" < 5”7 <4, and ¢, 7" with i <" < j" < §,
such that

o C(C) = C’i” (Ci”) = Ci”’(ci”’);
[ D(d) = Cj”(cj”) = Cj”(cj'”);
® shgers (i/l) = shger’ (j//) < Shder’( ) = shder ( ”/) =t

The der is illustrated below:
max D + Ky max D + Ky + ([/DB(II)||obj(D )2

¢ ¢ o ’T
: Cl(cl> Ci' (Ci') : C’L’ Cl” PR Cl’”
| °

(

Ci(eyr)

// /II ///

J

¢ 3

It should be clear that C(c), D(d), i",j"” can be chosen so that
< [IDB(IT)||obj(D)|. We modify der by replacing it with der’ =
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Ci(ci) <_k:7', .. Ci” (Ci//) <_ki/// Oki”/Jrl (Cki’”Jrl) L Cj'” (Cj///) <_k:j//
Cryny (Chyyy) o <1y Cj(cj). It should be clear that:

o the length of der’ is smaller than the length of der (which is
equal to j —i+1)

L] min{shdew (Z)} =0

It is easy to see that der’ will satisfy (b) above again. We repeat
the process described in the proof above treating der’ as der. By
repeating this process finitely many times, we are able to achieve
der’ satisfying (A.21).
Now, consider the first option (a) above. Let der = C;(¢;) <,
Ci+1(ci+1) ki C'n(cn) such that der(ﬂi) = C'i(ci) ks
© 40, _1kn_y Cnlcn). It follows min{shger(i)} = 0. As in the
proof above, we need to convert der to der’ (A.20) satisfying

Colcp) = Cilci), Cr () = Culen),
min{shaers (i)} = 0, and max{shge, (i)} < 2(|IDB(IT)||obj(D)|)%.
(A.22)

By our assumptions, (A.22) does not hold for der, so consider the
smallest i’ in der such that shge,(i') = ([IDB(I1)||obj(D)|)?. First,
we assume that there exists no j' > i’ such that shger (') = shger(j’).
In this case, from der” = Cy(cy) <, -+ &, Cn(cy), Wwe remove
all the loops of the form C(c) < --- + C(c). It should be clear
that max{shger~ (i)} < |[IDB(II)||obj(D)| and | min{shger~ (i)} <
|IDB(II)||obj(D)|. Therefore, der’ obtained by removing the loops
from der after i’ will satisfy (A.22) and we are done. If, on the
other hand, there exists j° > i’ such that shger(i') = shger(j'), we
adjust the sequence Cy(cir) ¢, 1, - kg Cji(cjr) in der
as explained in the proof for (b). The resulting der’ will be shorter
than der and, unless it satisfies (A.22), (a) will apply to it. It should
be clear that after finitely many repetitions of the process described
in the proof above (for (a)), we obtain der’ satisfying (A.22). O
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We now return to the proof of the theorem. The above lemma
proposes the following way to answer (II,G) over a database D.
Rewrite (I, G) into a datalog (s, <) query (II',G) and evaluate the
latter over a temporal database that is equal to D except that
tem(D’) spans [minD — Ky — My, p,maxD + Ky + Mnp|. The
following bounds hold:

[T| = poly (|TI]) /| = poly (D™ (A.23)

The NL upper bound for data complexity follows from that for
datalog (S, <). For combined complexity, the PSPACE upper bound
follows from the fact that |D’| is exponential in |II|, but only poly-
nomial in |DJ, and the proof of Gottlob and Papadimitriou [2003,
Theorem 4.4]. O
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Proofs for Chapter 3

B.1 Two definitions of ultimate periodic-
ity

Gutiérrez-Basulto et al. [2016a] define ultimate periodicity using
quasimodels. We show here that every TEL®-TBox T ultimately
periodic under this definition is also ultimately periodic as defined in
Section 3.2, and vice versa. First, we recall the notion of quasimod-
els. The following few paragraphs quote almost verbatim Gutiérrez-
Basulto et al. [2016a] (the difference is that they use concept inclu-
sions of the form O*A C B, k € {—1,0,1}, while we use A C OFB,
k € Z; it is straightforward that these forms are equivalent in terms
of expressive power).

Fix a KB (7,D) with a TEL®-TBox T, and let Nc(7, D) be the
set of concept names used in (7,D). A map 7: Z — 2N¢(7P) 5 o
trace for T if it satisfies the following;:

(t1) if ANA CBeT and A, A’ € w(n), then B € ©n(n);
(t2) if ANO*B € T and A € n(n), then B € 7(n + k).
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Let 7 be a trace for 7. For a rigid role name r € Ng¥ the r-projection
of m is a map proj,.(r): Z — 2N<(7P) that sends each i € Z to
{A|3rBC A€ T,B € n(i)}. For a local role name r € NK©,
proj, (m) is defined in the same way on 0 but is () for all other i € Z.
Given a map p: Z — 28<(7P) and n € Z, we say that 7 contains
the n-shift of p and write p C™ 7 if p(i — n) C 7 (3), for all i € Z.

We now define quasimodels. Let D = obj(D) U Nc(T,D). A
quasimodel Q for (T,D) is a set {my | d € D} of traces for T such
that

(ql) A € my(n), for all A(a,n) € D;
0), for all B € Nc(T,D);
n), for all B € my(n), r(a,b,n) € D, and IrBC A €

(q2) Bemnp

L

(q3) Aem,
T;

(a3’) proj,(m) C° 7, for all r(a,b,n) € D, r € NIE;

(q4) if A € my(n), then proj,(mg) C" my, for all d € D, n € Z and
AC3IrBeT.

Compared to the original [Gutiérrez-Basulto et al., 2016a], we split
the point (g3) into two versions, treating local and rigid roles, fixing
a small glitch in the original definition after a discussion with the
authors. This does not affect further results.

Intuitively, m, represents a € obj(D); and 7p represents all el-
ements that witness B for A C Ir.B € 7. For the purposes of
query answering, canonical quasimodels are defined. The canonical
quasimodel is the limit of the following saturation procedure. Start
with initially empty maps 74, for d € D, and apply (t1)-(t2), (q1)-
(g4) as rules: e.g., (q3’) says “if r(a,b,n) € D, for r € Ngg, and
A € proj,.(mp)(i), then add A to m,(i)".

Theorem B.1 (Gutiérrez-Basulto et al. [2016a]). Let Q = {my |
d € D} be the canonical quasimodel of (T, D) where T is a TEL® -
TBox. Then, for any A € N¢, (T,D) = A(a,n) iff A € w,(n), for
a € obj(D),n € Z.
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Finally, let 7 be a TEL®-TBox and 9 the canonical quasimodel
for (7,0). We say that T is ultimately periodic w.r.t. quasimodels, if
for each A € Nc(7) there are positive integers mp, pp, mp,pr € N,
such that the following conditions hold for 7y, with d = A.

ma(n — pp) = mq(n) for all n < —mp (B.1)
ma(n + pr) = ma(n) for all n > mp (B.2)

Note that by definition, the traces w4, A € Nc(7T), are the same
in all canonical quasimodels of (7, D), for any D. We observe the
following property.

Lemma B.2. For any TEL?-TBox T, A € Nc(T), and n € Z,
7TA(TL) = {B S Nc(T) | T )Z AC OnB}.

Proof. Suppose Q = {mq | d € Nc(7) U {a}} is the canoni-
cal quasimodel of (T,{A(a,0)}), and observe further that in this
case m4 = m,. The lemma follows by Theorem B.1 and Proposi-
tion 3.3. O

Now, recall from Section 3.2, that we call a TELC-TBox T
ultimately periodic (w.r.t. concept inclusions), if for every pair
A,B € Nc(T) theset {n € Z| T = AC O"B} is semilinear.

Our goal in this section is to prove that the two definitions are
equivalent (Proposition B.5 below). First, we recall a useful fact
from arithmetic (see Niven et al. [1991] for details).

Lemma B.3 (Linear Diophantine equations). An equation pr+qy =
¢, where p,q,c € Z, has a solution (where x and y are integers) if
and only if ¢ is a multiple of the greatest common divisor of p and
q. Moreover, if (x,y) is a solution, then the other solutions have the
form (x +tp',y —t¢'), t € Z, and p' and ¢’ are the quotients of p
and q (respectively) by the greatest common divisor of p and q.

In this section, a simple set is a set of the form {b+ kp | k € N},
where b,p € Z. One can show that every semilinear set S C Z is
representable as a union of simple sets. For completeness of the
presentation, we give a direct proof here.
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Lemma B.4. The following statements hold.

(i) Every set of the form {kp+mgq | k,m € N}, where p,q € Z, is
a finite union of simple sets.

(ii) Every semilinear S C Z is a finite union of simple sets.

Proof. (i) Let L ={kp+mq | k,m eN}. f p=0or q=0, L is
itself a simple set. So suppose p # 0 and g # 0. We consider three
cases:

e If p,g > 0, then £ C N, and by Theorem 2.4 £ = p(L) for
some regular language L C {c}*. Let M = (Q,{c}, q0,0, F) be
the minimal deterministic automaton recognising L, with the
set of states () and final states F' C (@, initial state ¢y € @
and §: @ x {c} — Q. It is easy to see that for the sequence
90,41, 92, - - -, where ¢;11 = §(¢;, ¢), there exist unique m,p € N
such that ¢; = gj4, for all j > m. Then

L={j<m|qg eF} U U {+kplkeN

m<j<m+p
QjEF

e If p,g <0, we take L' ={—1-n|n € L}, and obtain the rep-
resentation as in the previous case, then multiply everything
by —1.

e If p and ¢ are of different signs. Let d > 1 be their greatest
common divisor, and p’ = p/d, and ¢’ = ¢/d. We have L =
f(£"), where f(z) =dx, x € Z, and L = {kp’ —mq’' | k,m €
N}. Observe that if a set is simple, its image under f is also
simple — hence it is enough to represent £’ as a union of
simple sets. By Lemma B.3, there are k,m € Z such that
kp’ + mq’ = 1. Since p and g are of different signs, we can
safely assume that k,m € N (otherwise, we find ¢ € Z such
that k + tp’,m — tq¢’ > 0, and take that solution). It follows



B.1. Two definitions of ultimate periodicity 135

that N C £’. Similarly, we find a positive integer solution for
kp' +mq’ = —1, and conclude that {—n | n € N} C £’. Thus
L'=Z={k-1|keN}uU{k-(-1)]| ke N}

(#) Since a semilinear set is a finite union of linear sets, it is
enough to prove that every linear set £ is a finite union of simple
sets. Suppose L = {b+ kip1 + -+ kip; | k1,...,k € N}. We do
induction on I. The cases [ = 0 or [ = 1 are trivial. Now suppose
that any linear set representable using [ — 1 periods is a union of
simple sets.

Then we have:

S:{b+k1p1+"'+klpl‘kiEN}:
{b+k1p1+"'+kl_1pl_1|kiEN}+{klpl|kl EN}Z

<U £i> + {kapy | ko € N} = (J(Li + {kupy | ko € N})

i=1

where S1 + Sy ={z+y |z € S1,y € Sa}, and L; are simple.

If £; = {b}, then L£; + {kipy | k; € N} = {b+ kip, | k € N}, and
we are done. If £; = {b+kp|k € N}, then £; + {kip; | k; € N} =
{b}+{kp+kip1 | k, ki € N}. By point (i), the latter is a finite union
of simple sets U;:r{br + kypr | kr € N} so L; + {kipy | kb € N} =
{0} + Uj= (o + kepy | ke € N} = U {0+ b + Eypr | Ky € N
Hence, in both cases, S is a finite union of simple sets. O

Proposition B.5. A TEL°-TBox is ultimately periodic w.r.t.
quasimodels iff it is ultimately periodic w.r.t. concept inclusions.

Proof. (=) Let T be ultimately periodic w.r.t. quasimodels and fix
A, B € N¢(T). Let mp,pp,mp,pr be such that (B.1)-(B.2) hold
for m4. By Lemma B2, {n € Z| T EACO"B}={ne€Z|Bce€
ma(n)}. We represent the latter set as a union of the following linear
sets:

n € (—mp,mpg)

L, ={n} for B € mo(n)
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£, = {n—kpp|keN}  for E MR PR mmE]

B € ma(n)
"o n e [mF;mF +pF)
L, ={n+kpr|keN} for B ¢ ma(n)

Thus, {n € Z | T = AC O"B} is semilinear.

(<) Assume that 7 is ultimately periodic w.r.t. concept inclusions.
We fix an A € N¢(7). By the assumption and Lemma B.2, for each
BeNc(T)theset {n€eZ|Bema(n)} ={neZ|TEACO"B}
is semilinear. By Lemma B.4 it is equal to £ U- - -UL,,,, where L; are
some simple sets. Fix such a representation for each B € N¢(7), and
let L1,...,Ls be all simple sets that appear in these representations,

with £; = {bl + kp; | ke N}

El
mp,mp = max b; PP, PF = | |p¢
1<i<s 1
1=

It is easy to see that the conditions (B.1)-(B.2) hold for m4 with
these mp,pp, mr,pr. O

B.2 Proofs for Section 3.2

Lemma 3.2. M7 p) = (T, D) and for every M = (T, D), there is
a homomorphism h : Ny U Ny — Agn from M py to M.

Proof. Tt is easy to check that M py = (T, D): M7 p) is a model
of all facts in D by construction of My, and if M py was not a
model of some concept inclusion of 7, or if there was a rigid role
name whose interpretation changed over time, this would imply that
a rule of one the forms (i)—(v) is applicable in M, contradicting the
definition of M.

Let 9 be a model of (7,D). We show how to inductively con-
struct a homomorphism h from 9 py to M, i.e., a homomor-
phism & from M to the set of atoms Z such that for every n € Z,
d € AP iff A(d,n) € T and (d,e) € r™" iff r(d,e,n) € Z. Let
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ho : Ny — Agy be the identity (recall that Nj C Agy by the standard
name assumption). Since 9 = D, D C 7 so hg is a homomorphism
from My = D to Z. Assume that we have built a homomorphism
h; : NyU {e | e € Ny, e occurs in M;} — Agy from M; to Z and
consider M; 1. We distinguish two cases:

e If M, has been obtained from M; by applying a rule of one
of the forms (i)—(iv), let h;y1 = h,;. It is easy to verify that
in any case, h;11 is a homomorphism from M;;; to Z. This
follows from the facts that h; is a homomorphism from M; to
7 and that 9t =7 and respects rigid roles.

e Otherwise, M; 1 has been obtained from M, by applying a
rule of form (v): there are A(a,n) € M; and AC IrBe T,
and M; 1 = M; U{r(a,b,n), B(b,n)} for some b € Ny which
does not occur in M;. Since h; is a homomorphism from M;
to Z, A(h;(a),n) € Z. Hence, since M = A C Ir.B, there is
d € Agy such that r(h;(a),d,n) and B(d,n) are in Z. We define
hiy1: NjU{e | e € Ny, e occurs in M;11} — Aoy by hit1(z) =
hi(z) for every x € Ny U {e | e € Ny,e occurs in M;} and
hit+1(b) = d. Tt is easy to check that h;;1 is a homomorphism
from M;41 to Z.

We obtain a homomorphism & : Ny U Ny +— Agp from 97 py to
I by setting h = Ui>0 h; and extending h to the nulls that do not
occur in M by mapping them to any element of Agy. O

Proposition 3.3. For every TEL® TBoxz T, database D, A,B €
Nc, a € Ny, and n, k € Z:

e (T.D) = A(a,n) iff (T, D)+ A(a,n), and
e T AC OB iff (T, {A(a, )})  Bla, ki +n).
Proposition 3.3 follows from the next two lemmas.

Lemma B.6. For every A € N¢, a € N, and n € Z, (T,D)
Aa,n) iff (T,D)F A(a,n).
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Proof. Since My = D and rules of form (i)—(v) correspond exactly to
derivation rules of form (3.7)—(3.11), it is easy to see that (7,D) -
A(a,n) iff A(a,n) € M, ie., (T,D) - A(a,n) iff a € AT T 21",
Since by Lemma 3.2, a € A™ 2" implies that a € A" for every
M = (T, D), the result follows. O

Lemma B.7. For every A,B € Nc,a €Ny, andn,k €Z, T E AL
O"B iff (T,{A(a,k)}) F B(a,k +n).

Proof. By Lemma B.6, (T7,{A(a,k)}) F B(a,k + n) iff
(T,{A(a,k)}) E B(a,k + n). We show that (T,{A(a,k)}) E
B(a,k+n)iff T=EAC O"B.

()T = ALC O"B, every model 9 of (T, {A(a, k)}) is such that
M E= Aa, k) and MM = A C OB, hence M = B(a, k +n).

(=) Assume that T £ A C O™ B: there exists a model M = (Z;);ez
of T with e € Agyy and j € Z such that e € A™J and e ¢ BYi+n,
Let 9 = (Z});cz be the interpretation obtained from 9 by switch-
ing e and a in all concept and role interpretations (note that since
a € Nj, a € Agr), and let M’ = (Z}');cz where I/ = I;+k_j for
every i € Z. It is easy to see that 9" &= (T,{A(a,k)}) while
M’ = B(a,k + n). Hence, (T,{A(a,k)}) & B(a,k +n). O

B.3 Additional notation and conventions

Derivations Recall that a derivation witnessing (7, D) - A(a,n)
is a sequence (Fy, ..., Fm) such that Fo = DUT, A(a,n) € F, and
F; is obtained from F;_; by applying a rule of the form (3.7)—(3.11).
It will be convenient to represent such (Fo,...,F,) as

ol InE,

where each rule application is represented by a pair of sets of formu-
las f; = (prem(f;),conc(f;)) where prem(f;) C F;_1 is the premise
of f; and conc(f;) = F; \ Fi—1 is its conclusion, which match, re-
spectively, the left and the right sides of the rule applied to get F;
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from F;_;. We say that f; uses the formulas in prem(f;) and pro-
duces those in conc(f;). Similarly, given G = (N, X, R), a derivation
witnessing G - X (w) can be represented as

Go .. G,

where Gy = {c(c) | c € £}, X(w) € G, and each rule application g;
refers to one of the rules defined by deduction rules of Section 2.2.

Moreover, we extend the notion of derivation to derivations of
formulas of the form A(b,n) where b € Ny (instead of N;) from a
set of formulas F{ in which b occurs. Hence, one can write, e.g.,
(T, {(A(b,k)}) F B(b,n + k) for b € Ny.

Extension and use of Proposition 3.3 In the proofs given in
the next sections, Proposition 3.3 allows us to equivalently write 7 |=
A C OB, (T,{A(a,0)}) E B(a,n), or (T,{A(a,0)}) F B(a,n).
Moreover, one can use a € Ny U Ny in the last formula since it is
easy to see by considering derivations that (7,{A(a,0)}) - B(a,n)
for a € Ny iff (T,{A(b,0)}) - B(b,n) for b € Ny.

B.4 Proofs for Section 3.4

B.4.1 Proof of Theorem 3.6

We start with some lemmas. Recall that given a TEL-TBox T,
Trig is the TBox defined right after Theorem 3.6 in Section 3.4.

Lemma B.8. The following statements hold.

(i) Given a derivation Fo Sy I Fm witnessing

(T,{A(a,0)}) + B(a,n), if r(b1,b2, k) € F; and r(by,b2, k') €
Fj, for somei,j € {1,...,m} and r € N&°, then k' = k.

(i) Given a derivation Foy Sy I Fm witnessing
(Trig: {A(a,0)}) F B(a,n), if Cr(b, k) € F; and C.(b, k") € F;,
for some i,5 € {1,...,m}, then k' = k.
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Proof. (i) Since Fy = {A(a,0)} U T, by the form of the derivation
rules (cf. (3.7)—(3.11)), b € Nn. Suppose k # k' and let i,j be the
least indexes such that r(b1,be, k) € F; and r(by, bo, k') € F;. Since
a rule application produces several role facts only if the rule is of
form (3.7), and 7 € Nig°, it must be the case that i # j. Suppose
i < j and observe that r(by, ba, k') is produced by the application
f;j of a rule of form (3.11). Then by should not appear in F;, but it
does. Hence k = k'.

(#i) The proof is analogous to that of (i), using the fact that C,
only occurs in the right-hand side of concept inclusions of Ty, in
concept inclusions of the form A T Jr.C., so that a fact of the form
C-(b,£) can only be produced by an application of a rule of form
(3.11) which introduces b as a new null not appearing before. O

Lemma 3.7. Let T be a TEL® TBox. For any A,B € Nc(T) and
ne€Z,TEACO"B if and only if Trig = AT O"B.

Proof. (=) Let Fo RN Fm be a derivation witness-
ing (T,{A(a,0)}) F B(a,n). We build a derivation witnessing
(Trig, {A(a,0)}) F B(a,n). Let (h1,...,hy) be the sequence of rule
applications obtained from (f1,..., fm) by applying the following
steps.

1. Substitute every application of a rule of form (3.11) with
r e N&, f; = ({C C 3r.D,C(e,0)},{r(e,d,?),D(d,)}), by
consecutive applications of rules of form (3.11) and (3.8),

i, fi's where f] = ({C C 3r.D,,C(e,0)},{r(e,d, (), D;(d,£)})
and f/' = ({D, C D, D,(e,0)},{D(d,£)}).

2. For every application of rule of form (3.10) with r € NE©,
fi={r(e,d,£),C(d,£),3r.C T D},{D(e,£)}), by Lemma B.8,
there is no ¢ # (¢ such that r(e,d,?') belongs to any F;, so
since r(e,d, ) has been produced by the application of a rule
of form (3.11), f;, with j < i, there exists E, such that E,(d, £)
is in the conclusion of fj’ defined in point 1. Substitute f;
by consecutive applications of rules of form (3.9) and (3.10),
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1 fl, where f! = ({C(d,¢), E,(d,¢),CNE, C C.},{Cl.(d,0)})

70

and f!' = ({r(e,d,?),C.(d,£),3r.C]. T D},{D(e,0)}).

3. Substitute every occurrence of r in the resulting sequence of
rule applications by the r’ € Ng& used in T,.

Since all concept inclusions used in the premises of hy,..., Ay,
. . . o h
belongs to Ty, by construction, we indeed obtain a derivation Fj —

Ly F,, witnessing (Trig, {A(a,0)}) = B(a,n) by setting Fj =
{A(a,0)} U Ty and F] = F]_; Uconc(h;).

(<) Suppose Fy RN Fm 1s a derivation witnessing

(Trig, {A(a,0)}) F B(a,n). We build a derivation witnessing
(T,{A(a,0)}) - B(a,n). Let (h1,...,h,) be the sequence of rule
applications obtained from (fi,..., fin) by applying the following
steps.

1. Restore each r’ of Ty, to the original 7 € N and omit every
application of a rule of form (3.7) with 7.

2. Omit every application of a rule of form (3.8) that uses
D, C D, and substitute every application of a rule of
form (3.11) that uses C T Ir.D,, f; = ({C(e,0),C C
Ir.D,},{r(e,d,?),D,.(d,£)}), with one using C T Ir.D in-
stead: f/ = ({C(e,?),C C Ir.D},{r(e,d,£),D(d,{)}).

3. Omit every application of a rule of form (3.9) that uses a con-
cept inclusion of the form C 11 D, C C'.

4. For every application of a rule of form (3.10) that uses Ir.C.. C
D, fi = ({r(e,d,),C1(d, £),3r.C;. € D}, {D(e,£)}), since
C;n(d, f) € Fi_1, then

(a) C(d,f) € F;—1 and there exists E, such that E,.(d,{) €
Fi—1 (since C! occurs in the right-hand side of concept
inclusions in 7,4 only in concept inclusions of the form
CnNE,.CC(CJ), and
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(b) by Lemma B.8, there is no ¢’ # ¢ such that E,.(d,?)
belongs to any F;, so since E,.(d, ) has been produced by
the application of a rule of form (3.11), f;, with j < ¢—1,
r(e,d, ) € Fi—1 has been produced by f; defined in point
2! (note that since d has been introduced by f}, there
cannot be any r(e’,d, ) € F;,_1 with e # ¢’).

Substitute f; with f/ = ({r(e,d,?),C(d,¢),3r.C LC
D}, {D(e, 0)})-

Once again, we can check that all concept inclusions used in

the premises of hy,...,h, belongs to 7 so that we indeed obtain a
derivation F LINLN F, witnessing (7, {A(a,0)}) - B(a,n) by
setting F = {A(a,0)} U T and F] = F/_, Uconc(h;). O

Now we are ready to prove Theorem 3.6.

Theorem 3.6 (TBoxes to Grammars). For every TELS, . TBox
T, one can construct in polynomial time a unary conjunctive gram-
mar Gy = (N,{c}, R) such that for any A,B € Nc(T), there is
Nap € N such that ¢™ € Lg,(Nag) iff T = AC O"B.

Proof. Let G be the grammar defined from 7 in Definition 3.8.
We show that for every A, B € Nc(75i4), for every a € Ny U Ny, and
n €N, Gr = Nap(c") iff (Trig, {A(a,0)}) F B(a,n). The result will
follow by Lemma 3.7 and the fact that Nc(7) € Nc(Trig)-
(<) We show by induction on m that for every A, B € Nc(Trig),
a € NjyU Ny, and n € N, if there exists a derivation witnessing
(Trig, {A(a,0)}) F B(a,n) of length at most m, then G F Nap(c™).
In the base case, m = 0, the derivation consists only of Fy, =
TrigU{A(a,0)}, so B(a,n) € Fy implies that A = B and n =0, and
by (3.14), Naa — € is a rule of G1 so G+ Nag(e).
Induction step: assume that the property holds for m — 1 and

let Fo ELGEIN Fm be a derivation witnessing (7,44, {A(a,0)}) F

I This ensures that (e, d, £) is not “lost” in the derivation when we omit every
application of a rule of form (3.7) with /.
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B(a,n). If B(a,n) € Fmn_1, the result follows by induction hy-
pothesis. Otherwise, there are three possible cases for the last rule
application f,, that produces B(a,n):

e prem(f,,) = {4 (a,n—k), A’ C OFB} for some k € {0,...,n},
and f,, is the application of a rule of form (3.8). Since
(Fo,..-,Fm—1) is a derivation witnessing (7,4, {A(a,0)}) F
A'(a,n — k), by induction hypothesis, G F Naa/(c"F).
Moreover, since A’ C OFB € T4, by (3.14) or (3.15) depend-
ing on k, Nap — c¥ is a rule of G7. Hence G F N p(c¥).
Then, since by (3.18) Nap — NaarNa/p is a rule of G, we
obtain G1 + Nag(c").

e prem(fy,) = {A'(a,n),A"(a,n),A’ 1 A” C B} and f,, is
the application of a rule of form (3.9). Since A’(a,n) and
A"(a,n) are in Fp—1, (Fo,...,Fm—1) is a derivation wit-
nessing (7Trig, {A(a,0)}) F A'(a,n) and (T, {A(a,0)})
A’(a,n). By the induction hypothesis, G5 = Naa/(c") and
G71 F Naar(c"), and since A’ M A” C B € Ty, by (3.16),
NAB — NAA/&NAA// is a rule of GT SO GT F ./\/AB(C”).

e prem(f,) = {r(a,b,n), A'(b,n),Ir.A’ C B} and f,, is the
application of a rule of form (3.10). By the form of the
derivation rules, r(a,b,n) € F,,—1 has been produced by the
application of a rule of form (3.7) or (3.11). Hence, there
must be an index ¢ < m — 1 such that for some A", B’
and k € N, prem(f;) = {A” C Ir.B',A"(a,k)}, conc(f;) =
{r(a,b,k), B’ (b,k)}. Thus A”(a, k) € F;_1,and (Fo,...,Fi—1)
is a derivation witnessing (74, {A(a,0)}) = A”(a, k). By the
induction hypothesis, we obtain G'7 = Naa~(c*). Moreover,
one can extract from (F;,...,Fm,m—1) a derivation of length
at most m — 1 witnessing (Trg, {B’(b,k)}) = A’(b,n). Since
T is a TEE/?utwe—TBOX, k < n. We get a derivation length
at most m — 1 witnessing (7,4, {B’(b,0)}) F A’(b,n — k) by
shifting all timestamps in this derivation, and thus, by the in-
duction hypothesis, G F Npra/(c"*). Since A” C 3r.B" and
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Ir. A’ C B are in Ty, by (3.17), Navp — Npras is a rule of
Gr, so from G b Npa(c"%), we get G = Navp(c"F).
We combine this with Gz F Naar(cF) and the fact that
by (3.18), Nap — NaarNarp is a rule of Gy to establish
G7 F Nap(c").

(=) We show by induction on m that for every A, B € Nc(Trig),
a € NJUNp, and n € N, if there exists a derivation witnessing
G7 = Nap(c™) of length at most m, then (7,4, {A(a,0)}) F B(a,n).

Since Gy = {c(c)}, the base case is m = 1, when the derivation
consists of Gy 2 G;. There are two possible cases for the rule
application g; that produces Nap(c") from c(c):

e ¢ is the application of a deduction rule that corresponds to
Nap — €. In this case, n = 0 and by (3.14), AC B € Ty, or
A = B. In both cases, for every a € NJUN, (7r4q, {A(a,0)}) -
B(a,0), i-e. (Trig,{A(a,0)}) F B(a,n).

e ¢ is the application of a deduction rule that corresponds to
Nap — ™. In this case, by (3.15), A T O"B € T,;. Hence,
for every a € Ny U Ny, (Trig, {A(a,0)}) - B(a,n).

Induction step: assume that the property holds for m — 1 and let
Go & ... 22y G,, be a derivation witnessing Gy + Nap(c™). If
Nap(c™) € Gpm—1, the result follows by induction hypothesis. Oth-
erwise, there are three possible cases for the last rule application g,,
that produces Nag(c"):

e prem(gpm) = {Nac(c"),Nap(c™)}, and gy, is the application
of a deduction rule that corresponds to Nap — Nac&Nap.
By (316), cnbD E B € 7;7;9. Then (go,...,gm_l) is
a derivation witnessing G + Nac(c") and G = Nap(c™),
so by the induction hypothesis, for every a € N; U Ny,
(Toig (A0, 0)}) F Cla,n) and (Trig, {A(@,0)})  Dia,n).
Hence (7rig, {A(a,0)}) - B(a,n).

e prem(gm) = {Nep(c™)}, and g, is the application of a de-
duction rule that corresponds to Nap — Ngp. By (3.17),
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there exists  such that A C 3r.C and 3r.D T B are in .
Then (Go,...,Gm_1) is a derivation witnessing G F Nop(c™)
so by the induction hypothesis, for every a € N; U Ny,
(Trigs {C(a,0)}) F D(a,n). Let Fo 2% .. % F be ob-
tained from that derivation by substituting a everywhere with
a b € Ny not appearing in the derivation. Then the following
is a derivation witnessing (7,44, {A(a,0)}) - B(a,n):

Flymp s Iy m e p I E

where

— F ={A(a,0)} U Trig;

— fo is an application of the rule of form (3.11) with
prem(fo) = {A(a,0),A T 3FIr.C} and conc(fy) =
{r(a,0,0),C(b,0)};

— F = F;, U{A(a,0),r(a,b,0)} for 0 < i < p;

— fp41 is an application of the rule of form (3.7) with
prem(fp11) = {r(a,b,0)} and conc(fp11) = {r(a,b,n)};

— fp4+2 1s an application of the rule of form (3.10)
with prem(f,12) = {r(a,b,n),D(b,n),3r.D T B} and
conc(fpy2) = {B(a,n)};

— Fpy1 = FpUconc(fpi1) and Fpio = Fpy1 Uconc(fpia).

e prem(gn) = {Nac(c" %), Nep(c¥)} for some k € {0,...,n},
and g, is the application of a deduction rule that cor-
responds to NMap — NacNes. By (3.18) A,B,C €
Nc(7rig). Then (Go,...,Gm—1) is a derivation witnessing
G+ Nac(c"™%) and G + Ngp(cF). By the induction hy-
pothesis, for every a € Ny U Ny, (Trig, {A(a,0)}) F C(a,n —
k) and (T, {C(a,0)}) F B(a,k), which is equivalent (by
Proposition 3.3) to (T4, {C(a,n — k)}) + B(a,n). Hence,
(Trigs {A(a,0)}) F B(a, n). 0
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B.4.2 Proof of Theorem 3.10

Again, we start with somme lemmas. Recall that given a unary
conjunctive grammar G, the TELF,,,,,-TBox T¢ is defined by Defi-
nition 3.11.

Lemma B.9. For v = i;...4, € J, if Ta E A T O"C, then
n = mny+ -+ ng, such that T¢ F A T O" By, for 1 < j < k.
Moreover, if there exists a derivation for (Tg,{A(a,0)}) = C,(a,n)
of length p, then for every for 1 < j < k, there exists a derivation
for (Ta,{A(a,0)}) & B;,(a,n;) of length at most p — 1.

Proof. We show by induction on k that for every ¢ € J of length k,
if L =1d1...14, for every n € N, if 7o E A C O™C,, then there exist
ni,...,nx such that n =ny +---+ny, and Tg = A E O™ B;, for
1 < j < k, and that if there exists a derivation for (Tg,{A(a,0)}) -
C,(a,n) of length p, then for every for 1 < j < k, there exists a
derivation for (7g,{A(a,0)}) - B;;(a,n;) of length at most p — 1.
In the base case, ¥k = 1 and ¢ = 47 (hence ny = n). If
To = A C O"Cyy, ie., (Tg,{A(a,0)}) F Cy (a,n), since the
only concept inclusion in 7¢ with C;, in the right-hand side is

B;, C C;, (cf. Definition 3.11), any derivation Fo ELNNNSNEEN Fp

witnessing (7¢, {4(a,0)}) F C,(a,n) must contain a derivation (of
length at most p — 1) witnessing (7, {4(a,0)}) - Bi, (a,n). Hence,
Te EACO"B,,.

Induction step: assume that the property holds for £ — 1 and
let © = i1y € J be of length k. Note that ) = i5...i; € J and
is of length k — 1. Suppose (7g,{A(a,0)}) F Ci,(a,n) and let

Fo ECN f—p> Fp be a derivation witnessing it. Necessarily, the

rule application that produces C;,;(a,n) uses the concept inclusion
3r;,,.C, C Cy,, since it is the only one with Cj,; in the right-hand
side by construction of 7. Thus there exists b such that r;,,(a,b,n)
and C,(b,n) are in Fp,_;.

e Let f; be the application of the rule of form (3.11) that pro-
duced the first fact of the form r;,,(a,b,n1) (n1 € N and
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I < p—1): by construction of Tg, it must be the case
that prem(f;) = {B;; C 3r;,,.A, B, (a,n1)} and conc(f;) =
{ri,;(a,b,n1),A(b,n1)}. From (F,...,Fp_1), one obtains a
derivation of length at most p — 1 witnessing (7¢, {A(b,0)}) F
C,(b,n —ny) by shifting all timestamps by —n;. By construc-
tion of 7 (in particular, because it is a TEE})MW@—TBOX), it
must be the case that n —n; > 0. Hence, by the induction hy-
pothesis, there exist ng, ..., ng such that n—ny = no+- - -+ny,
and for 2 < j <k, Ta F ALC O™ B;; and there exists a
derivation of length at most p — 1 witnessing (7¢, {A(a,0)}) F
Bij (a, nj).

o Furthermore, as B;, (a,n1) € prem(f;) € Fi_1, (Fo,...,Fi-1)
is a derivation of length at most p — 1 witnessing
(Te,{A(a,0)}) F By, (a,n1), and Tg E AC O™ By, .

Hence n = ny +---+mng and for 1 < j < k, 7o F A C O™ B,
and there exists a derivation of length at most p — 1 witnessing
(Ta, {A(a,0)}) - By, (a,ny). O

Lemma 3.13. Forv=1iy...9x € J, To E AC O"C, if and only if
n=mny+ -+ ng, such that Tg F AT O™ By, for 1 <j<k.

Proof. = The ‘only if’ direction is given by Lemma B.9.
< We show by induction on k that for every ¢« € J of length £,
if © =4y ...14, for every n € N; if there exist nqy,...,n; such that
n=mn;+---+ngand Tg F A E OB for 1 < j < k, then
To EACO"C,.
In the base case, k = 1 and ¢ = i1. If (7T, {A(a,0)}) |E B, (a,n),
then (7¢,{A(a,0)}) = Ci, (a,n) since B;, C C;, € Tg by (25%).
Induction step: assume that the property holds for £ — 1 and let
t =119 € J be of length k. Note that y = i5...7; € J and is of
length k£ — 1. Suppose that n =n; +---+ng and Tg F AC O™ B;,
for 1 <j<k.

e Since Tg E A C O™ By, for every a € Ny, (Tg,{A(a,0)}) F
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B;,(a,nq1). Let Fy f—1> . f—m> Fmn be a derivation witnessing

it.

e Since 417 € J, by (23%), B;, T 3Ir;,,.A € Tg. Let
Fm+1 = .Fm @] COﬂC(fm+1) Where fm+1 = ({le E
ElrilJ'AaBil(avnl)}v{rilj(avbanl)ﬂA(banl)})'

e By the induction hypothesis: 7 = A C O™ C, for n/ =
ng + -+ + ng.  Hence, (7g,{A(b,0)}) F C,(b,n'), and by
Proposition 3.3, (T, {A(b,n1)}) F C,(b,ny + n'). Let F, 2

. h—p> F, be a derivation witnessing it, (fnt1,---; frnip) =
(h1y...,hy), and Frp1 = Fpy U conc(frmns1)seers Fntp =
Fmtp—1 U conc(fimip). It is easy to check that for every
m+1<j < m+p, prem(f;) € F;j_1 and that r;,,(a,b,n1)
and C,(b,n1 +n') are in Fp4p.

o Let fm+p+1 = ({Tilj(a7b7 nl)}v{rilj(a7bv n)}) be the apphca_
tion of the corresponding rule of form (3.7) and Fpqpt1 =
Fn+p U conc( frypi1), so that 75, ,(a,b,n) and C,(b,n) are in

Fmipt1:

e Finally, since 41y € J and y € J, by (24*), 3r;,,.C, C
Ciyy € Ta. Let fuipr2 = ({riyy(a,b,n),Cy(b,n), 3ri,,.C; T
Cii,1,{Ci,,(a,n)}) be the application of the corresponding rule
of form (3.10) and Fpipt2 = Fgpr1 U conc( frtpt2)-

We obtain a derivation JFy f—1> M Fntpt2 Witnessing
(7Te,{A(a,0)}) F Ciyy(a,n), ie., Ta = AT O"C,. O

Lemma 3.14. 7¢ = A C O"B; if and only if G F B;(c"), for
ie{l,...,m}.

Proof. (=) We show by induction on p that for every i € {1,...,m},
if there exists a derivation of size p witnessing (7g, {A(a,0)}) F
B;(a,n), then G F B;(c").



B.4. Proofs for Section 3.4 149

Since A # B; by construction of 7¢, the base case is p = 1. The
only possible rule application that produces B;(a,n) using formulas
from T¢ U{A(a,0)} is f; with prem(f1) = {A(a,0),AC O"B;}. By
(3.19%) or (3.20*) (depending on whether n = 0 or not), it follows
that B; — ¢™ is a rule of G. Hence, G + B;(c").

Induction step: assume that the property holds for p — 1 and

let Fo ELNEN Fp be a derivation witnessing (7¢,{A(a,0)})
Bi(a,n). If B;(a,n) € Fp_1, the result follows by the induction
hypothesis. Otherwise, there are three possible cases for the last
rule application that produces B;(a,n).

o prem(f,) = {A(a,0),A T O"B;}, and we conclude as in the
base case that G - B;(c™).

b prem(fp) = {CL(ou)(avn)aCL(al) - Bl}a and by (321*)7 B; —
a1 is a rule of G. Since Cy(4,)(a,n) € Fp_1, (Ta,{A(a,0)}) F
Cian(a,n). Let ag = By, ...B;,. By Lemma B.9, n = ny +
--4ny,and for 1 < j <k, (T,{A(a,0)} - B;,(a,n;) and there
is a derivation of length at most p — 2 witnessing it. Hence,
by the induction hypothesis, we conclude that G = B;, (c™).
Then, since B, — B;, ...B;, is a rule of G, we obtain G +
BZ‘<CTL).

® prem(fp) = {Cb(al)(avn)aCb(ozz)(avn)7cb(a1) M CL(O(Q) C Bi}7
and by (3.22%), B; — ai1&as is a rule of G. The argument
is analogous to the one above: we consider separately a; =
B, ...B;, and ap = Bg/l ...B}, toobtainn =mn;+---+n; and

k/
n =mn} +---+nj, such that G = B;,(c"7) for every 1 < j < k
and G + B}, (¢"i) for every 1 < j < k', and conclude using the
J
fact that B; — B;, ...Bik&B;,l ...B}, isarule of G.
k/

ik

(<) We show by induction on p that for every i € {1,...,m},
if there exists a derivation of size p witnessing G = B;(c"), then
(T, {A(a,0)}) F B;(a,n).

In the base case, p = 1, and there are two possible cases for the
rule application g; that produces B;(c") from ¢(c).
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e ¢ is the application of a deduction rule that corresponds to
B; — e. In this case, n = 0 and by (3.19*), AC B; € T¢.

e g1 is the application of a deduction rule that corresponds to
B; — ¢". In this case, by (3.20%), AC O"B; € T¢.

In both cases, (7¢, {A(a,0)}) F Bi(a,n).

Induction step: assume that the property holds for p — 1 and let
Go & ... 2 G, be a derivation witnessing G + B;(c™). If B;(c") €
Gp—1, the result follows by the induction hypothesis. Otherwise,
there are two cases for g, that produces B;(c").

e prem(gp) = {Bi, (¢™),...,B;, (¢"*)} withn = n;+---+ny; and
gp is the application of a deduction rule that corresponds to
Bi = ay with oy = B;, ... B;,. For 1 < j <k, since By, (c™) €
Gp—1, so that G I By, (c"7) via a derivation of length at most
p — 1, by the induction hypothesis (7¢,{A(a,0)}) = B;, (c"7).
Hence, by Lemma 3.13, (7¢,{A(a,0)}) F C,a,)(a,n). Since
by (3.21%), Cya,) E Bi, we obtain that (7g,{A(a,0)}) F
Bi (a, ’I’L)

o prem(gy) = {B;, (c™),...,B; ("), Bg,l (c™),. .. ’B’{L/ (¢}
withn =ni +---+ng, n=nl +---+n), and g, is the ap-
plication of a deduction rule that corresponds to B; — a1 &as
with g = By, ...B;, and ay = B;,l "'B;;/‘ As above, we
obtain (7a,{A(a,0)}) F Cyay)(a,n) and (Tg,{A(a,0)}) +
Ci(as)(a,n), and conclude using the fact that by (3.22%),
Ciar) M Clan) E Bi- D

Theorem 3.10 then follows from Definition 3.11 and Lemma 3.14.

Theorem 3.10 (Grammars to TBoxes). For every unary conjunc-
tive grammar G = (N, {c}, R), one can construct in polynomial time
a Tﬁﬁfuture TBox Tg and A € Nc(Tg), such that for every B € N
there is B € Nc(Tq) such that T |E AT OB iff ¢™ € Lg(B).
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B.5 Proofs for Section 3.5

Recall that in this section, we consider a TEL], -TBox T. We start
with the lemmas.

Lemma 3.17. If Ng(T) C N, for any A,B € Nc(T), T = AC
O™B iff there exists w € Lp, (Nag) with #c(w) — #d(w) = n.

Proof. The proof is similar to that of Theorem 3.6, but this time we
have to care about two directions in time and two symbols.

(=) We show by induction on m that for every A, B € N¢(T),
a € NJUNp, and n € Z, if there exists a derivation witnessing
(T,{A(a,0)}) - B(a,n) of length at most m, then there is a word
w € {c,d}*, such that T'r = Nap(w) and Ffc(w) — #d(w) = n.

In the base case, m = 0, the derivation consists only of Fy, =
T U{A(a,0)}, so B(a,n) € Fy implies that A = B and n = 0,
and by (3.14), Naa — e is a rule of T'r so 't - Nap(e). We get
n=0=#c(e) — #d(e).

Induction step: assume that the property holds for m — 1 and
let Fo ELNELN Fm be a derivation witnessing (7, {A(a,0)}) F
B(a,n). If B(a,n) € Fp—1, the result follows by induction hy-
pothesis. Otherwise, there are two possible cases for the last rule
application f,, that produces B(a,n):

e prem(f,) = {A'(a,n — k), A’ C OFB} for some k € 7Z is the
application of a rule of form (3.8). Since (Fy,...,Fm—1) is a
derivation witnessing (7, {A(a,0)}) F A'(a,n — k), by induc-
tion hypothesis, there is u € {c,d}* such that I';v - Naa (u),
and #c(u) — #d(u) = n — k. Moreover, A’ C OFB € T, and,
depending on k, we have the following two cases:

— if kK > 0, then by (3.14) or (3.15), Narp — ¥ is a rule of
I'r, and thus I'+ - Na:g(v) for v = c¥;

— if k& < 0, then by (3.15*), Nap — d*l is a rule of I'r,
and thus I'7 = Na/p(v) for v = dl*l;
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Then, since by (3.18) Nap — NaaNa g is a rule of T'r, we
obtain I'r + Nyp(uwv), and w = ww is such that #c(w) —
#d(w) = n. Indeed,

— if v = ¥, then #c(w) = #c(u) + k and #d(w) = #d(u)
so #e(w) — #d(w) = #e(u) +k—#du) =n—k+k =n,

and

— if v = d*l, #c(w) = #c(u) and #d(w) = #d(u) + |k| so
fe(w) — #d(w) = #c(u) — #d(u) — |k =n -k —[k| =n

since in this case, k < 0.

e prem(fn,) = {r(a,b,n), A’'(b,n),Ir.A’ C B} is the application
of a rule of form (3.10). By the form of the derivation rules,
r(a,b,n) € Fn—1 has been produced by the application of a
rule of form (3.7) or (3.11). Hence, there must be an index
i < m — 1 such that for some A", B" and k € Z, prem(f;) =
{A" C 3r.B', A" (a, k)}, conc(f;) = {r(a,b, k), B’ (b,k)}. Thus
A'(a,k) € F;, and (Fp,...,F;) is a derivation witnessing
(T,{A(a,0)}) F A”(a, k). By the induction hypothesis, we ob-
tain a word u, #c(u) — #d(u) = k, such that T'r = Naar (u).
Moreover, one can extract from (F;,...,F,,—1) a derivation
of length at most m — 1 witnessing (7,{B’(b,k)}) - A’(b,n).
We get a derivation witnessing (7, {B’(b,0)}) - A'(b,n — k)
by shifting all timestamps in this derivation, and thus, by
the induction hypothesis, a word v, #c(v) — #d(v) = n — k,
't = Npra(v). Since A” C 3r.B’ and Ir.A’ C B are in T, by
(3.17), NA//B — NB/A/ is a rule of FT, so from FT - NB/A/ (’U),
we get I'r = Navp(v). We combine this with Ty - NMaar(u)
and the fact that by (3.18), Nap — NaavNarp is a rule
of I'r to establish I'y = NMyp(uv). Then w = uv is such that

the(w) —d(w) = Fo(u)—#d(u)+He(v) —#d(v) = k-+n—k =

(<) We show by induction on m that for every A, B € Nc(T),
a € NyUNy, and n € Z, if there exists a word w € {¢,d}* such that



B.5. Proofs for Section 3.5 153

#c(w) — #d(w) = n, and a derivation witnessing I'r = Napg(w) of
length at most m, then (7, {A(a,0)}) - B(a,n).

Since Gy = {c(c)}, the base case is m = 1, when the derivation
consists of Gy 2 G;. There are two possible cases for the rule
application g; that produces Nap(w) from c(c):

e ¢y is the application of a deduction rule that corresponds to
Nap — €. In this case, n = 0 and by (3.14), AC B € T or
A = B. In both cases, for every a € NyU Ny, (7, {A(a,0)}) F
B(a,0), ie. (T,{A(a,0)}) F B(a,n).

e ¢ is the application of a deduction rule that corresponds to
Nag — ¢ (n = 0) or to Nap — d" (n < 0). In this case,
by (3.15) or (3.15*), respectively, A T O"B € T. Hence, for
every a € NyUNy, (7,{A(a,0)}) F B(a,n).

Induction step: assume that the property holds for m — 1 and
let Go &5 ... 2% G,, be a derivation witnessing 'y F Nap(w),
#c(w) — #d(w) = n. If Nap(w) € Gp—1, the result follows by in-
duction hypothesis. Otherwise, there are two possible cases for the
last rule application g,, that produces Nap(w):

e prem(gm) = {Nep(w)}, and g, is the application of a de-
duction rule that corresponds to Nagp — Neop. By (3.17),
there exists r such that A C 3r.C and Ir.D T B are in T.
Then (G, -..,Gm—1) is a derivation witnessing G - Ngop(w)
so by the induction hypothesis, for every a € N; U Ny,
(T.{C(a,0)}) F D(a,n). Let Fo 2% ... 1% F, be ob-
tained from that derivation by substituting a everywhere with
a b € Ny not appearing in the derivation. Then the following
is a derivation witnessing (7, {A(a,0)}) F B(a,n):

O QR LN LN QAN SR ILE N S
where

- F={A(,0}UT;
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— fo is an application of the rule of form (3.11) with
prem(fo) = {A(a,0),A C Ir.C} and conc(fy) =
{r(a,b,0),C(b,0)};

— F! = F; U{A(a,0),r(a,b,0)} for 0 < i < p;

— fp+1 is an application of the rule of form (3.7) with
prem(fp+1) = {r(a,b,0)} and conc(fp+1) = {r(a,b,n)};

— fpt2 is an application of the rule of form (3.10)
with prem(f,4+2) = {r(a,b,n),D(b,n),3r.D T B} and
conc(fpi2) = {B(a,n)};

— Fp+1 = FpUconc(fpy1) and Fpyo = Fpy1 Uconc(fpiz).

e prem(gp,) = {Nac(u), Ncp(v)}, where #c(u) —#d(u) =n—k
and #c(v) —#d(v) = k, for some k € Z, and g,, is the applica-
tion of a deduction rule that corresponds to Nap — NacNcB.
By (3.18) A,B,C € N¢(T). Then (Go,...,Gm-1) is a deriva-
tion witnessing G + Nac(u) and G = Nep(v). By the in-
duction hypothesis, for every a € Ny U Ny, (7,{A(a,0)}) F
C(a,n — k) and (T,{C(a,0)}) + B(a,k), so (by Proposi-
tion 3.3), (T,{C(a,n—k)}) F B(a,n). Hence, (T,{A(a,0)}) F
B(a,n). O

Lemma 3.20. Let T be a TELY,, TBox. For any A,B € Nc(T)
andn € Z, T E AC O"B if and only if T, = AC O"B.

Tig

Proof. (=) Let Fo EEAO N Fm be a derivation witness-
ing (T,{A(a,0)}) + B(a,n). We build a derivation witness-
ing (7,1, {A(a,0)}) F B(a,n). Let (hi,...,h,) be the sequence
of rule applications obtained from (fi,...,fm) as follows. For
every application f; of a rule of the form (3.10), where f; =
({r(a,b,€), A'(b,€),Ir.A’ C B'},{B'(a,)}) with r € NE®, find the
application f;, j < 4, of a rule of the form (3.11) that produced
r(a,b,£): f; = ({A4"(a,£),A” T 3Ir.B"},{r(a,b,£),B"(b,)}). From
(Fj=1,...,F:), by Proposition 3.3, we get 7 = A” C B’. Hence,
A" C B € ’Trf;" Substitute the sequence (f;,..., f;) with a single
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application h of a rule of the form (3.8), where h = ({A”(a,¢), A” C
B'},{B'(a,0)}).
Since all concept inclusions used in the premises of hy,...,h,

belongs to ’T”“g” by construction, we indeed obtain a derivation

T LENLN F), witnessing (T,/i", {A(a,0)}) - B(a,n) by setting

g )

4 ={A(a,0)} U T, and F! = F|_, U conc(h;).

rig
(<) Suppose Fy RN Fm 1s a derivation witnessing

(Trir, {A(a,0)}) + B(a,n). Let Ty = T\ T. Since Tlir =
ToU{A"C B | T A C B}, where 7y is obtained from 7T by
removing concept inclusions that use local role names, 7; contains
only concept inclusions of the form A’ C B’.

We build a derivation witnessing (7,{A4(a,0)}) + B(a,n).
Let (h1,...,h,) be the sequence of rule applications obtained
from (f1,...,fm) as follows. For each f; = ({4'(b,¢),A C
B}, {B’(b,£)}) such that A’ C B’ € Ty, apply Proposition 3.3 to
obtain a sequence (f{,..., f;,) of rule applications corresponding to
a derivation witnessing (7,{A'(b,£)}) F B’(b,¢). Then, substitute
fi with (f{v?fllc)

We can check that all concept inclusions used in the premises

of hi,...,h, belong to 7, so that we indeed obtain a derivation
Fh LINENN F witnessing (T,{A(a,0)}) F B(a,n) by setting
0 =1{A(a,0)} UT and F| = F/_; Uconc(h;). 0

Theorem 3.15. For every TELS, TBox T, there exists a context-
free grammar '+ = (N,{c,d}, R), of size polynomial in |T|, such
that for any A, B € Nc(T), there is Nap € N such that T E A C
O"B iff there exists w € Ly, (Nap) with #c(w) — #d(w) = n.

Proof. Using Lemma 3.20 and the facts that Nr(7,10") € N7 and

that |7,/| is polynomial in |7, we can assume that Ng(7) C NTE.
Let '+ be the grammar given in Definition 3.16. It is easy to check
that the size of I't is polynomial in |7, and by Lemma 3.17, for
any A, B € Nc(T), T = A C O"B iff there exists w € Lp, (Nag)

with #c(w) — #d(w) = n. O
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B.6 Proofs for Section 3.6

B.6.1 Proof of Theorem 3.23

Theorem 3.23. Query answering relative to ’Té'ﬁj?uture TBoxes is
P-complete, both for combined and data complexity.

Proof. The lower bounds hold already for the description logic £L£
(without temporal operators) [Calvanese et al., 2013|. For the upper
bounds, we provide a polynomial reduction from the problem of
deciding whether (7,D) = A(a,n) to that of checking whether a
word belongs to the language of a conjunctive grammar, which can
be tested in polynomial time (Theorem 2.3). Our reduction builds a
TELS, ture-TBox T' U Tp, an assertion Cy(a,l) and a concept name
Ay, such that (7,D) | A(a,n) iff (T"U Tp,{Cu(a,))}) = An(a,n),
then use Proposition 3.3 and Theorem 3.6 to conclude. The idea is
to encode all information about @ in D into the single fact Cy(a,l)
thanks to Tp.

Let obj(D) be the set of individual names that occur in D, and
l,m € Z be the least and the greatest timestamps appearing in
D. We introduce concept names {C, | a € obj(D)} and {Aj |
A € Ne(T),l < k < m+ 1}, and role names {p-, € Ng& | a,b €
obj(D),r € Ng(T)}. For the convenience of notation, we write Ay
for all k£ > [, assuming that Ay = A,,11 when k > m.

Let 7' be the TBox containing the following concept inclusions
foralll <k<m+1.

Ay C O°Biys for ACOBeT (3.27)
Ay A, C By, for ANA'CBeT (3.28)
A, C 3r.By, for AC3Ir.BeT (3.29)
Ir.A;, C By for I ACBeT (3.30)

Additionally, define a TBox Tp to contain the following concept
inclusions.

C, COF A, for A(a, k) € D (3.31)
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Co T3l . Cy for r(a,b,¢) € D (3.32)
dpl, . A C By for 3rAC B € T,r(a,b,{) € D, (3.33)

where r € Ngg or =k

Clearly, both 7’ and 7p can be constructed in polynomial time
w.r.t. |T| + |D| and are expressed in TELJ?MWC (since T is a
Tgﬁj?uture—TBox and k—1 > 0 for every A(a, k) € D by definition of
0).

Lemma B.10. For all A,B € Nc(T) and a € N;:
(i) foralln e N andl < k,l <m+1,
(T',{Ak(a,0)}) E Be(a,n) implies that £ =k +n
(orf=m+1and k+n>m);
(i) for all s,n,k € N,

(T, {A(a,5)}) = Bla,n) iff (T", {Ak+s(a, 9)}) = Brgn(a,n)

(note that if n < s the equivalence holds trivially since T' is a
TELS, ture TBox, and recall that if k +n > m, Byin = Biny1,
and that if k+ s >m, Agrs = A1)

Proof. For point (i), we show by induction on p that for all A, B €
Nc(7), a € NNUNn, n € N, and | < k, £ < m + 1, if there is
a derivation witnessing (77, {Ak(a,0)}) | Be(a,n’) of size p, then
either =k +n, or By = B,+1 and k+n > m.

The base case, p = 0, is immediate, since in this case n = 0 and
By = A, s0l=k+n.

Induction step: assume that the property holds for p — 1 and
let Fo ELN/N Fp be a derivation witnessing (77, {Ax(a,0)})
By(a,n). If By(a,n) € Fp_1, the result follows by induction hy-
pothesis. Otherwise, there are three possible cases for the last rule
application f, that produces B/(a,n):
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e prem(f,) = {C; C O 9B, Cj(a,n — £+ 7)}, and f, is the

application of a rule of the form (3.8). Since Cj(a,n—£¢+j) €
Fp—1, (T",{Ak(a,0)}) = Cj(a,n — £+ j) with a derivation of
size p—1, so by induction hypothesis, either j = n—{+j+k, or
Cj = Chq1 and n—£+j+k > m. In the first case, £ = k +n,
and in the second case, since £ —j > 0 as T' is a TELG,,,,.-
TBox, ¢ >jso By=Bptiandk+n>m+£4—j>m.

prem(fp) = {C, N C) T By,C¢(a,n),Cj(a,n)}, and f, is the
application of a rule of the form (3.9). Since Cy(a,n) € Fp—1
and Cy(a,n) € Fp_1, (Fo, ..., Fp—1) is a derivation witnessing
(T".{4k(a,0)}) = Cila,n) and (7', {Ak(a,0)}) = Cyla,n).
By the induction hypothesis, we obtain that either £ = k +n
or Cp = Cpy1, Cp = C}, 4y and k+n > m.

prem(fp) = {3Ir.Cy T By, 7(a,b,n),Ce(b,n)}, and f, is the ap-
plication of a rule of the form (3.10). By the form of the deriva-
tion rules, r(a,b,n) € F,_1 has been produced by the applica-
tion of a rule of form (3.7) or (3.11). Hence, there must be an
index i < p — 1 such that for some A7, B} and j’, prem(f;) =
{A7 C B} Af(a,j")}, conc(fi) = {r(a,b,j"),Bj(b,j")}.
Thus A;-’(a,j') € Fi—1, and (Fo,...,F;—1) is a derivation wit-
nessing (77, {Ax(a,0)}) = A7 (a,j'). By induction hypothesis,
it follows that either (1) j = k + j" or (2) A7 = A}, and
k + 5/ > m. Moreover, one can extract from (F;,...,Fp_1)
a derivation for (77,{Bj(b,j')}) b Ci(b,n) of size at most
p — 1, from which we obtain a derivation for (7", {B’(b,0)}) -
Cy¢(b,n — j') by shifting all timestamps. Hence, by induction
hypothesis, we have either (i) £ = j+n—j’ or (ii) Cy = Cpnt1
and j +n — j' > m. Moreover, since 7" is a TELF,;,,,-TBox,
n>=j.

—Incase (1), {=j+n—j=k+j+n—j =k+n.

— In case (1-ii), Cp = Cppy1 and j+n — 5 > mso k+ 4 +
n—j >m,ie, k+n>m.
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— In case (2), k+ 7' > m so since n > j', k+n > m.
Moreover, in this case, A} = Aj, ., so B; = B;,; and
by the form of the concept inclusions in 7~ (where concept
names that occur in the right-hand side have always equal
or higher indexes than those from the left-hand side), it
must be the case that Cy = Cy, 1.

For point (ii), we show the two directions of the equivalence in a
similar way.
(=) We show by induction on p that for all A, B € Nc(T), a €
N;UNpy, and s,n € N, if there exists a derivation of length p witness-
ing (T,{A(a,s)}) F B(a,n), then for every k, (T',{Ax+s(a,s)}) F
Biyn(a,n) (with m + 1 instead of k + s and/or k + n if they are
larger than m).

The base case, p = 0, is immediate since in this case B = A and
s =mn =0, and it holds that (77, {Ak(a,0)}) F Ax(a,0).

Induction step: assume that the property holds for p — 1 and

let Fo ELNIN Fp be a derivation witnessing (7, {A(a,s)}) F
B(a,n). If B(a,n) € Fp_1, the result follows by induction hypothe-
sis. Otherwise, there are three possible cases for the last rule appli-
cation f, that produces B(a,n):

e prem(f,) = {A'(a,n — £), A’ C O*B} for some £ € {0,...,n —
s} (since T is a TEL],,.-TBox and (T,{A(a,s)}) F
A'(a,n — 0)), and f, is the application of a rule of the
form (3.8). Since (Foy,...,Fp—1) is a derivation witnessing
(T,{A(a,s)}) - A’'(a,n—¥£), by induction hypothesis, for every
k, (T', {Arss(a, s)}) F Afy_yla,n—0). Since A’ T OB e T
it follows that A} _, C O!Byyn € T' (and A;- C OBt
for every j such that j + ¢ > m + 1), by (3.27). Hence,
(T/7 {Ak+8(a7 S)}) = Bk+n(a7 n)

o prem(f,) = {A'(a,n),A"(a,n),A’ M A” C B} and f, is
the application of a rule of form (3.9). Since A’(a,n) and
A"(a,n) are in Fp_1, (Fo,...,Fp—1) is a derivation witness-

ing (7,{A(a,s)}) = A’(a,n) and (T,{A(a,s)}) = A"(a,n).
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By the induction hypothesis, for every k, (77,{Ak+s(a,s)}) -
A;Hn(a,n) and (77, {Agts(a,s)}) F Ag+n(a,n). Since A’ M
A'CBeT, A ,NA , C Bryn €T, by (3.28). Hence,
(T {Ak+s(a,5)}) b Bryn(a,n).

o prem(f,) = {r(a,b,n),A’(b,n),Ir.A’ C B} and f, is the appli-
cation of a rule of form (3.10). By the form of the derivation
rules, r(a,b,n) € Fp_1 has been produced by the application
of a rule of form (3.7) or (3.11). Hence, there must be an index
i < p — 1 such that for some A”, B’ and j > s (again, because
T is a TELS, - TBox), prem(f;) = {A" C 3r.B', A"(a,j)},
conc(f;) = {r(a,b,5),B'(b,5)}. Thus A”(a,j) € F;—1, and
(Fo,...,Fi—1) is a derivation witnessing (7,{A(a,s)}) F
A"(a,j). By the induction hypothesis, for every k, there is
a derivation der; witnessing (77, {Ax+s(a,s)}) = Ay, ;(a, ).
Moreover, we extract from (F;, ..., Fp—1) a derivation witness-
ing (T,{B'(b,j)}) - A'(b,n) (note that n = j if r € Ni¥°). By
the induction hypothesis, (77, {B},;(b,7)}) F A}, (b;n). Let
der;y be a derivation witnessing this. We obtain a derivation
witnessing (77, {Ak+s(a,$)}) F Brin(a,n) as follows. Since
A" C 3Ir.B" €T, we have A, , C 3Ir.B; . € T', by (3.29).
Further, since 3r.A' C B € T, we have 3r.A} ., C By, € T,
by (3.30). Thus, start from Fj = T'U{Ak+s(a, s)}, proceed as
in der; until you derive Ay, ;(a,j). Apply a rule of the form
(3.11) using Ay, ; C Ir.By . ; to obtain r(a, b, j) and By, ;(b, 5),
and proceed as in dery until you have A, (b,n). If r € Ngg,
apply a rule of the form (3.7) to obtain r(a,b,n). Otherwise,
it means that j = n, so we already have r(a,b,n). Finally,
apply a rule of the form (3.10) using 3r.4), C By, to get
Bjin(a,n).

(<) We show by induction on p that for all A, B € Nc(T), a € NjU
Ny, and s,n, k € N, if there exists a derivation of length p witnessing
(T",{Ak+s(a,s)}) = Bgin(a,n) (with m + 1 instead of k + s and /or
k + n if they are larger than m), then (T, {A(a, s)}) F B(a,n).
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The base case, p = 0, is immediate since in this case B = A and
n = s, and it holds that (T, {A(a, s)}) F A(a, ).
Induction step: assume that the property holds for p — 1 and let

Fo ELN /N Fp be a derivation witnessing (77, {Ax+s(a,s)}) F
Biyn(a,n). If Byyn(a,n) € Fp_1, the result follows by induction
hypothesis. Otherwise, there are three possible cases for the last
rule application f;, that produces Byyn(a,n):

e prem(fp) = {A pplan+k—0),A, , , E OBy} for

some £ € {0,...,n+k — s} (since T" is a TEL],,,,.~TBox
and (7', {Arys(a,s)} E Al _,(a,n+k —{)), and f, is the
application of a rule of the form (3.8). Since (Fy,...,Fp_1)isa
derivation witnessing (7", {Apys(a,s)}) = Al _o(a,n+k—1),
by induction hypothesis, (T,{A(a,s)}) b A’(a,n — ¢). Since
Al iy C O'Byyn € T' it follows that A’ C OB € T, by
(3.27). We conclude that (T, {A(a, s)}) F B(a,n) by applying
a rule of the form (3.8).

L4 prem(fp) = {A;c+n(a7n)aAg+n(aan)7‘4gg+n M A%Jrn C Bk+n}

and f, is the application of a rule of form (3.9). Since
A;C_m(a,n) and Ag+n(a,n) are in Fp_1, (Fo,...,Fp—1) is
a derivation witnessing (77,{Ax+s(a,$)}) F A§C+n(a,n) and
(T, {Ak+s(a,s)}) F A, (a,n). By the induction hypothesis,
(T,{A(a,s)}) F A'(a,n) and (T,{A(a,s)}) F A”(a,n). Since
Ay MAL L EBrn €T, ANA"C BeT,by (3.28). We
conclude that (7,{A(a,s)}) - B(a,n) by applying a rule of

the form (3.9).

o prem(f,) = {r(a,b,n), A}, (b,n),3r.A} ., E Brin} and f, is
the application of a rule of form (3.10). By the form of the
derivation rules, 7(a,b,n) € F,_1 has been produced by the
application of a rule of form (3.7) or (3.11). Hence, there must
be an index ¢ < p — 1 such that for some Ay, B}, prem(f;) =
{A] C 3r.By, A)(a, )}, conc(f;) = {r(a,b,¢), B;(b,¢')} (note
that ¢ = n if r € NS). Thus A4)(a,¢') € Fi—1, and
(Fo, ..., Fi—1) is a derivation witnessing (77, {Ar+s(a,s)}) F
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AY(a,0"). Since (T',{Ak+s(a,0)}) F A (a, ' — s), by point ()
of the lemma, { = k+s+{ —s,s0 ¢ =k + . Hence, since
(T" {Ak1s(a,s)}) = Ay, (a, '), by the induction hypothesis,
there is a derivation der; witnessing (T, {4(a,s)}) F A" (a,?).
Moreover, we extract from (F;, ..., F,_1) a derivation witness-
ing (77, {B}, ¢ (b,£')}) = A}, (b,n). By induction hypothesis,
(T,{B'(b,0)}) = A’'(b,n). Let ders be a derivation witnessing
it. We obtain a derivation witnessing (7, {A(a,s)}) - B(a,n)
as follows. Since A) C 3r.B;, € T', we have A” C Ir.B' € T,
by (3.29). Further, since 3r.A},, E By, € T', we have
Ir.A’ C B € T, by (3.30). Thus, start from F§ = TU{A(a, s)},
proceed as in der; until you derive A”(a,¢'). Apply a rule of
the form (3.11) to obtain r(a,b,¢’) and B’(b,¢’), and proceed
as in dery until you have A’(b,n). If » € Ng&, apply a rule of
the form (3.7) to obtain r(a,b,n). Otherwise, it means that
¢ = n, so we already have r(a,b,n). Finally, apply a rule of
the form (3.10) to get B(a,n). O

Lemma B.11. For all A€ N¢c(T), a € Ny andn € N,
(T,D) | Ala,n) iff (T'UTp,{Cula,l)}) E An(a,n)

(recall that if n > m+1, A, = Ay, and that if n <1, (T,D) |~
A(a,n) and (T'UTp,{Cq(a,1)}) ¥ An(a,n) since both T and T'UTp
are TELS, - TBozes).

Proof. (=) We show by induction on m that for all A € N¢(7),
a € Ny and n € N, if there exists a derivation of length m witnessing
(T,D) + A(a,n), then (7" UTp,{Cu(a,)}) F An(a,n).

In the base case, m = 0, the derivation consists only of Fy =
T UD, so A(a,n) € D. Hence, by (3.31), C, T O" A, € Ta. It
follows that (7" U Tp,{Ca(a,)}) F An(a,n).

Induction step: assume that the property holds for m —1 and let
Fo ELTE N Fm be a derivation witnessing (7,D) + A(a,n). If
A(a,n) € Fn—1, the result follows by induction hypothesis. Other-
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wise, there are three possible cases for the last rule application f,,
that produces A(a,n):

e prem(f,) = {A'(a,n—k), A’ C OFA} for some k € {0,...,n—
I} (since n—k cannot be less than [, given that T isa TEL?

future”
TBox and (7,D) + A’(a,n — k)), and f,, is the application of
a rule of the form (3.8). Since (Fo,...,Fm—1) is a derivation

witnessing (7, D) - A’(a,n—k), by induction hypothesis, (7'U
Tp,{Ca(a,1)}) + A’ _,(a,n — k). Since A’ C OFA € T it
follows that A/, C OFA, € T’, by (3.27). Hence, (7' U
Tp,{Cala,1)}) F Ap(a,n).

e prem(f,) = {A'(a,n),A"(a,n), A’ M A" C A} and f,, is
the application of a rule of form (3.9). Since A’(a,n) and
A’(a,n) are in Fp—1, (Fo,...,Fm—1) is a derivation wit-
nessing (7,D) + A’(a,n) and (T7,D) - A”(a,n). By the
induction hypothesis, (7" U Tp,{Cu(a,l)}) F A} (a,n) and
(T" U Tp,{Cu(a,)}) = Al’(a,n). Since A MA"C AeT,
Al AV C A, € T', by (3.28). Hence, (T' U Tp,{Cau(a,l)}) -
Ap(a,n).

e prem(fp,) = {r(a,b,n),A'(b,n),Ir.A’ C A} and f,, is the ap-
plication of a rule of form (3.10). Then we have two subcases:

— b € obj(D). Since A'(b,n) € Fy,—1, there is a derivation
of length m — 1 witnessing (7,D) + A’(b,n). By the
induction hypothesis, there is a derivation der witnessing
(T"U Tp, {Cs(b,1)}) F Al (b,n). Furthermore, since the
derivation rules can only add a fact of the form r(a,b, ¢)
with a,b € Ny if r is rigid (cf. (3.7)—(3.11)), there exists
r(a,b,¢) € D such that either r € Ngg or { =n. In
both cases, by (3.32), Cy T Jp;, ,.Cy € Tp, and by (3.33),
since 3r.A' C A € T, it follows that 3p’, . A" C A,, € Tp.
We obtain a derivation witnessing (7' U7p, {Cy(a,l)}) as
follows. Start with Fo = 7" U Tp U {Cq(a,l)}. Apply a
rule of the form (3.11) using C, C 30, 5-Chy to obtain
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ol o(a, b, 1) and Cp (Y, 1) for some &' € Ny. Proceed as in
der to obtain Al (V',n). Apply a rule of the form (3.7) to
obtain pf, ;(a,b’,n), then a rule of the form (3.10) using
Jpl, . A, T A, to get Ap(a,n).

— b € Ny. By the form of the derivation rules, r(a,b,n) €
Fm—1 has been produced by the application of a rule
of form (3.7) or (3.11). Hence, there must be an in-
dex ¢ < m — 1 such that for some A”, B’ and k > [
(again, because T is a TEE?uture—TBox), prem(f;) =

{A” € Fr.B', A" (a,k)}, conc(f;) = {r(a,b,k),B'(b,k)}.

Thus A”(a,k) € Fi—1, and (Fo,...,Fi—1) is a deriva-

tion witnessing (7,D) + A”(a,k). By the induc-

tion hypothesis, there is a derivation der; witness-
ing (7" U Tp,{Cu(a,l)}) + Al(a,k). Moreover, we
extract from (F;,...,Fmnm—1) a derivation witnessing

(T, {B'(b,k)}) + A'(byn) (note that n = k if r €

Nk<). Since (T,{B’'(b,k)}) F A’(b,n), by Lemma B.10,

(T".{By,(b,k)}) + Al (b,n). Let ders be a deriva-

tion witnessing this. We obtain a derivation witness-

ing (7" U Tp,Cu(a,l)) b A,(a,n) as follows. Since

A" T 3r.B' € T, we have A} C 3r.B;, € T', by (3.29).

Further, since 3r. A’ © A € T, we have Ir.A], C A, € T,

by (3.30). Thus, start from F§ = T'UTpU{C,(a,l)}, pro-

ceed as in der; until you derive A} (a, k). Apply a rule of
the form (3.11) using A} T 3r.Bj, to obtain r(a,b, k) and

Bj.(b, k), and proceed as in ders until you have A}, (b,n).

If r € Ngg, apply a rule of the form (3.7) to obtain

r(a,b,n). Otherwise, it means that k = n, so we already

have r(a,b,n). Finally, apply a rule of the form (3.10)

using Ir. A/, C A, to get A,(a,n).

(<) Again, we show by induction on m that for all A € N¢(7),
a € Ny and n,n’ € N, if there exists a derivation of length m
witnessing (7’ U Tp,{Ca(a,l)}) = A,(a,n’), then n’ = n and
(T,D) F A(a,n).
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The base case is m = 1. Then Fy = 7' U Tp U {Cy(a,l)} and
An(a,n') € Fi. Thus, f; is an application of a rule of the form
(3.8) using C, C O" !4, so it must be the case that n’ = n and
C, T O"!'A, € Tp. By (3.31), it follows that A(a,n) € D, so
(T,D)F A(a,n).

Induction step: assume that the property holds for m —1 and let
Fo L . L™ .. be a derivation witnessing (T'"UTp, {Cul(a,))})
Ay (a,n). If Ay(a,n') € Fp—1, the result follows by induction hy-
pothesis. Otherwise, there are five possible cases for the last rule
application f,, that produces A, (a,n’):

e prem(f,n) = {Cy(a,1),Cy, T O" LA, } and f,, is the application
of a rule of the form (3.8). However, by the form of concept
inclusions of 7’ and 7p, it must be the case that C;, = C,
since the derivation rules cannot produce a fact of the form
Chp(a, ) with a € Ny and a # b. Hence we obtain n’ = n and
(T,D) F A(a,n) as in the base case.

e prem(fn,) = {A!_,(a,n — k), A, _, T OFA,} for some k €

{0,...,min(n—1,n’ =1)} (since T'UTp is a TELF,;,,,-TBox so
that n’ —k >l and n—k > I by definition of 77), and f,, is the
application of a rule of the form (3.8). Since (Fo, ..., Fm—1) is
a derivation witnessing (7' U7Tp,{Cq(a,)}) F Al (a,n' —k),
by induction hypothesis, n’ — k = n — k, i.e., n’ = n, and
(T,D) + A'(a,n—k). Since A!,_, T OFA,, € T" it follows that
A'C OFA € T, by (3.27). We conclude that (7,D) - A(a,n)
by applying a rule of the form (3.8).

e prem(fn) = {4} (a,n'), A7 (a,n'), A, A7 T Ay} and fp, is
the application of a rule of form (3.9). Since A} (a,n’) and
A(a,n’) are in Fpp—1, (Fo, ..., Fm—1) is a derivation witness-
ing (T'UTp,{Cy(a,)}) + Al (a,n) and (T"UTp, {Cu(a,)})
Al (a,n’). By the induction hypothesis, n’ = n and (7,D)
A'(a,n) and (T,D) + A”(a,n). Since A, M Al C A, € T,
A'MA” C A€ T,by (3.28). We conclude that (7,D) - A(a,n)
by applying a rule of the form (3.9).
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L4 prem(f'fﬂ) = {lr(a7b7n/)7A;l(b’n/)’3TA’ln, I: An} a’nd f’l’)’L iS

the application of a rule of form (3.10). By the form of
the derivation rules, r(a,b,n’) € F,,—1 has been produced
by the application of a rule of form (3.7) or (3.11). Hence,
there must be an index ¢ < m — 1 such that for some
Al By and k' > 1, prem(f;) = {4} T 3r.B,, Al(a,k')},
conc(f;) = {r(a,b, k'), By, (b,k')}. Thus A}(a,k’) € F;_1, and
(Fo, ..., Fi—1) is a derivation witnessing (7' UTp, {Cy(a,l)}) -
Al(a,k'). By the induction hypothesis, ¥ = k and there
is a derivation der; witnessing (7,D) F A”(a,k). More-
over, we extract from (F;,...,Fy,—1) a derivation witnessing
(T"UTp,{By,(b,k)}) F Al (b,n'). Since Bj, does not appear in
the left-hand sides of concept inclusions in 7p, it is not hard
to see that, in fact, (77,{By.(b,k)}) = Al (b,n'). Moreover,
since 7" is a TELG,;,,-TBox, k < 0/, thus n' — k € N (note
that n' = k if 7 € NE). Since (77,{Bj(b,k)}) + Al (b,n'),
(T",{By,(b,0)}) F AL, (b,n' —k), so by point (i) of Lemma B.10,
n=n'"—k+k=n,so (T {B,(bk)}) F Al (b,n) and thus,
by point (i) of Lemma B.10, (7,{B’(b,k)}) F A’(b,n). Let
der; be a derivation witnessing it. We obtain a derivation wit-
nessing (7,D) b+ A(a,n) as follows. Since A} C Ir.B, € T,
we have A” C Ir.B’ € T, by (3.29). Further, since Ir. A/, C
A, € T, we have Ir.A'C A € T, by (3.30). Thus, start from
Fy = T UD, proceed as in der; until you derive A”(a, k). Ap-
ply a rule of the form (3.11) to obtain r(a,b,k) and B’(b, k),
and proceed as in dery until you have A’(b,n). If r € Ngg,
apply a rule of the form (3.7) to obtain 7(a,b,n). Otherwise,
it means that k = n, so we already have r(a,b,n). Finally,
apply a rule of the form (3.10) to get A(a,n).

prem(fp) = {pg,b(a’?blvn,)7A;(blvn/)vapz,b'A;L C An} and f,
is the application of a rule of form (3.10). Then A (V/,n') €
Fm—1. By the form of the derivation rules, p! ,(a,t',n’) €
Fm—1 has been produced by the application of a rule of form
(3.7) or (3.11). Moreover, there must be an index i < m —
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1 such that prem(f;) = {Cy T 3p!, ,.Cp,Cyla,l)} (note that
by the form of the concept inclusions in 77 U Tp, Cula,l) is
the only fact of the form C,(a,¢) that can be derived since
a € Ny) and conc(f;) = {p} ,(a,t',1),Cp(b',1)}. We extract
a derivation witnessing (7" U Tp, {Cyp(V',1)}) = A7, (b',n') of
length at most m — 1. Renaming b’ to b, we get a derivation
of length at most m — 1 witnessing (77 U Tp, {Cy(b,1)}) +
Al (b,n'). By the induction hypothesis, n’ = n and there is
a derivation der witnessing (7,D) F A’(b,n). We obtain a
derivation witnessing (7,D) F A(a,n) as follows. Since C, C
304 -Co € Tp, we have r(a,b,¢) € D, by (3.32). Further,
since Elp;b.A;1 C A, € Tp, either r € Ngg or { = n, and
Ir.A'C AeT, by (3.33). Thus, start with Fo =T UD. Use
der to derive A'(b,n). Ifr € Ngg, apply a rule of the form (3.7)
to obtain 7(a,b,n) (otherwise, it is already in D). Conclude
by applying a rule of the form (3.10) using 3r.A’ C A. O

By Theorem 3.6, one can construct in polynomial time
w.r.t. |T’| + |Tp| (hence in polynomial time w.r.t. |T]+ |D|) a
unary conjunctive grammar G771, = (N, {c}, R) such that there
exists N, 4 € N such that ¢"~! € Leyir, (Ne,a) it T"UTp E
(C, C O"'A,). By Proposition 3.3, T U Tp = (C, C O"'A,)
iff (T"UTp,{Cu(a,1)}) E An(a,n), and by Lemma B.11, the lat-
ter is equivalent to (7,D) = A(a,n). Hence, (T,D) = A(a,n) iff
e LGT’UTD (NCQA)- ]

B.6.2 Proof of Theorem 3.24

We first recall several definitions and results from the literature.

A bound for Parikh images Let G = (N, %, R) be a context-
free grammar. If ' — a € R, we write o/ and a/x for the words
obtained from « by projecting on N and on X, respectively. The
degree of G is the number m = —1 4+ maxy—acr|o/N|, and the
productivity of G is the number p = >\, . la/s|.
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Theorem B.12 (To [2010]). Let M be a nondeterministic state
automaton with s states over an alphabet of | letters. Then the

Parikh image of L(M) is a union of O (512+31+314l+6) linear sets
with at most | period vectors; the maximum component of any offset

vector is O (53”314”6), and the maximum component of any period
vector s at most s.

Theorem B.13 (Esparza et al. [2011]). If G is a context-free gram-
mar with n nonterminals, degree m and productivity p, then one can
construct, in polynomial space,®> a nondeterministic finite state au-
tomaton M with ("7 ) . p states such that L(G) and L(M) have
the same Parikh image.

Corollary B.14. For every context-free grammar G = (N, 3, R, S)
of degree n and productivity p, with |[N| =n and |3| = t, the bounds
of Theorem B.12 hold with s = ("+";L”+l) ‘pandl =t.

datalogis. We informally describe datalog,gq programs. For a for-
mal definition, the reader is referred to Chomicki and Imieliniski
[1988].

Fix a dedicated temporal variable t. A datalog,q program II is a
finite set of rules of the form

B(z,t) « A1(T1,t+i1),. .., Ap(Tk, t + ix) (B.3)
where B, Ai,..., Ay are predicate symbols, T; are tuples of vari-
ables and iy,...,9; € Z are given in unary.® Since we work with

description logics, we assume that the arities of B and A; are either
2 or 3.

Given a program II and a temporal database D, their canonical
model (the least Herbrand model, in the terminology of Chomicki
and Imielinski [1988]) is obtained by exhaustive application of the

2This is not stated explicitly in [Esparza et al., 2011], but follows from their
construction.

3(Chomicki and Imieliniski [1988] also allow atoms of the form A(z, k), for
k € Z, but we will not need them).
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rules of IT to D. We write (I, D) &= A(a,n) if A(a,n) holds in the
canonical model of IT and D. We write Il = A C OFB if (I, D) =
A(a,n) implies (II, D) = B(a,n + k), for any temporal database D.

We will use datalog °®, instead, and rely on the complexity results
of Theorem 2.8. We are now ready to prove Theorem 3.24.

Theorem 3.24. The following statements hold.
(i) Every TELS, TBoxT is ultimately periodic, | T < 2PoW(TD.

(ii) Query answering with TELS, TBozes is NL-complete, for
data complexity.

(ii) Query answering with TELS, TBoxes without local role names
is in EXPSPACE, for combined complexity.

Proof. (i) Let T be a TEL], -TBox. The proof that T is ultimately
periodic is in the main text. For the bound on ||T|, fix any A, B €
Nc(7) and let T'r = (N, {c,d}, R,Nap) be as in Theorem 3.15.
Then by Definition 3.16, the parameters in Corollary B.14 are as
follows: n,m,p < poly (|T|), and t = 2. Thus, s < 2P°VU7D and
| = 2, rendering p(L(G)) to be a union of at most 2P°Y(7D linear
sets with at most 2 periods, the maximum entry of any offset and
any period is 2P°YUTD | Tt follows that ||77|| < 2P°U7D,

(ii), (i) The lower bound for data complexity is from lin-
ear £L [Dimartino et al., 2016]. For the upper bound, we recall from
Gutiérrez-Basulto et al. [2016a] that every ultimately periodic (w.r.t.
quasimodels) TEL®-TBox T can be translated, in polynomial time,
to a datalog,g program IT7, such that for any D and A(a,n) we have
(T,D) & A(a,n) iff (Il,D) = A(a,n). To understand the trans-
lation, the reader will need the definition of quasimodels given in
Section B.1; Gutiérrez-Basulto et al. [2016a] also provide intuitive
explanations that we omit here. The program II%- consists of the
following rules.

r(z,y,t) + r(x,y,t £ 1) for r € NIE(T) (B.4)
B(z,t) + A(x,t), A'(x,t) for AMA'CBeT (B.5)
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B(x,t) + r(z,y,t), Ay, t) forIrACBeT (B.6)

Further, let Q = {ny | d € Nc(7)} be the canonical quasimodel of
(T,0). For each trace w4, with integers mp , pp, mp , pp given
by ultimate periodicity of T, the program H%— contains the following
rules with a new predicate Fls:

B(z,t) « A(x,t —i) for 0<i<mp, B€ma(i) (B.
Fy(z,t) + Az, t —mp) (B.
Fy(x,t) + Fa(z,t — pp) (B.
B(x,t) + Fa(x,t —1i) for 0<i<pp,Be€ma(mp+1i) (B.10

© oo
= O —

and symmetric rules with mp, pp and a predicate P4. Intuitively,
the rules of the form (B.7) replicate the initial part of 74, from 0
to mp. The rules of the forms (B.8) and (B.9) mark the start of
each period with F4 while the rules of the form (B.10) replicate the
period of mpg, starting from each marker F'4.

Finally, Il = II}- U II%.

Proposition B.15 (Gutiérrez-Basulto et al. [2016a]). For any
TEL®-TBox T, temporal database D and TAQ A(a,n), (T,D) &

A(a,n) iff (I, D) E A(a,n).

Note that rules of the forms (B.5) and (B.6) may be not linear.
Now, suppose T is a TELS, -TBox, which excludes rules of the form
(B.5). Our goal is to rewrite Il into a linear datalog®® program
® 7, using the additional power of operators ¢/¢~. We will also use
our definition of ultimate periodicity (w.r.t. concept inclusions) and
Theorem B.12 to have a program of reasonable size.

We define @1 to contain, for each rule of the form (B.6), the

following rules:
B(z) < r(z,y), A(y) (B.6"°)
B(z) « Or(z,y), A(y) if 7 € N (B.63)
B(x) «+ O r(z,y), Ay) ifre Ngg (B.6gg)
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Further, for every A, B € Nc(7), we take a representation
{neZ|TEACO"B}=L1U---UL,

. , : (B.11)
L;={b"+kipi +...kipy | k1,.... ki € N}

Then, the program ®2 contains the following rules, i € {1,...,m}.
FP(z) + 07" A(x) (B.12)
FAB(z) + O P FAB () for 1 <j <1 (B.13)
B(z) « FAP(x) (B.14)

Finally, ®7 = &} U ®2..

It is readily seen that ® is a linear program, and that |®7| <
poly (|[T]]). From point (i) we get the bound || < 2P°W(7TD,
Moreover, if Ng(7) C Ngg, & can be effectively constructed from
T. Indeed, in this case, one obtains the grammar I'; of Theorem
3.15 in polynomial time. Then, using the automaton of Theorem
B.13, one obtains representations (B.11) that respect the bounds of
Corollary B.14.

Points (i) and (%) then follow from the fact that (Ily, D) =
A(a,n) iff (&7,D) | A(a,n). To see the latter, recall that when
T is a TELY,,-TBox, IIX- does not contain rules of the form (B.5).
It is immediate that H%— is equivalent to <I>%—. The fact that H%— is
equivalent to @%— follows from the lemma below, given the facts that
rules of the forms (B.7)-(B.10) and (B.12)-(B.14) allow to derive
D(b,¢') from C(a,£) only if a = b.

Lemma B.16. For any TELY,,-TBox T and A, B € N¢(T), 13- =
AC O"B iff 9% = AC O"B.

Proof. By the form of the rules (B.7)-(B.10), II- = A C O"B iff
B € ma(n). By Lemma B.2, B € ma(n) iff T = A C O™B. Finally,
by the form of the rules (B.12)-(B.14), T = AC O"Biff #2 = AC
OTLB. D
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Proofs for Chapter 4

C.1 Proofs for Section 4.3
Lemma 4.3. For any database D, (O,D) = G(a) if and only if
(Ilg, D) = Goal(a).

Proof. Let Q = (O,G), with O = T UR, Il a disjunctive datalog
program obtained from @ as described in Section 4.3, D an arbitrary
database, a € obj(D) and G’ a new concept name not appearing in
0.

It suffices to prove that there exists a model of
K=(Ou{G'NGC L},DU{G'(a)})
if and only if there exists a model of

K' = (I U{L « G'(z) AG(x)}, DU{G'(a)})

(=) Let M = (A,-™) be a model of K. We construct a model
N = (A, ) for K’ using the same domain A. Note that in A
we should care about the interpretation of the constants dr- of Ilg,

173
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while M may interpret them in any way. For every a € Const which
is not a dg-, we set a = a™. For every role type R C Rol(O),
choose some d from the set

{de A|VreR, 3d € A: (d,d) er™}

If this set is empty, take any d € A. We set d%[, = d. Finally,
for each concept name A set AN = AM and for each role r set
N = rMand EN = {d e A | 3d € A: (d,d) € r™M}. By
construction, a ¢ GV, and it can be easily verified that A is a
model of K'.

(<) Conversely, suppose N = (A, V) is a model of K’. We can
choose N to be a Herbrand model, so that A = obj(D) U {dr- |
R C Rol(0) is a role type}, with an obvious interpretation ¥ = a
for a € obj(D) and dﬁf, = dp- for any R.

We construct a model M = (A,-M) for K using the same do-
main A. We also borrow the interpretation of constants from N.
Further, for each concept name A we set AM = AV,

The interpretation of roles is defined in three steps. First, for
cach role 7 and any d,d’ € A we let (d,d’) € rM if (d,d’') € V.
This way we satisfy the facts r(a,a’) € D.

Second, we ensure that FE, relations in A/ correspond to 3r in
M. Consider any d such that d € E}V, for some role w. By (4.6),
there exists a role type R such that Eg(d) A Er-(dr-) is true in N.
We set (d,dp-) € r™ for each r € R.

Third, we ensure that roles of M satisfy the RBox R. For this
we "recover" the inferred roles from their encoding in A/ with pairs
of E,, E_ predicates. For a pair d,d’ € A define Rolp(d,d’) to
be the set of those roles r for which we have already established
(d,d’) € ™ on the previous steps. Our goal is to enrich this set so
that it forms a role type.

Note that if at least one of d and d’ is anonymous, Rolx(d,d")
is a role type by construction. So suppose d,d’ € obj(D). Then by
(4.5) there exists a role type R such that Eg(d) A Ex-(d') is true in
N. Finally, we set (d,d’) € r™ for all € R.
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Now, for every two objects d,d’ € A the set {r | (d,d') € rM} is
a role type. Therefore, M = R.

It remains to verify that for each role r we have Ir™ = EN.
Indeed, for each d € A, if E,(d) holds in N then we have r(d, dg-)
in M for some type R > r. Therefore d € Ir™ by the semantics
of description logic. Conversely, suppose that r(d,d’) holds in M.
If r(d,d") € D, then we have E,(d), E,-(d’') in N by the rule (4.7).
If, on the other hand, r(d,d") was added to M on the second or
the third step of role interpretation, then by construction E, (d) and
E,—(d’) must be true in AV,

Therefore, the interpretation of concepts in M coincides with

the corresponding unary predicates of . Since N satisfies rules of
type (4.4), M |= T. Therefore, M is a model of K. O

C.2 Proofs for Section 4.4

Lemma 4.5. For a flat TDL-Lite* KB K, K is consistent whenever
K* is consistent.

Proof. (=) Let M = (A,™) be a model of K. Then there
is a model of K*. Indeed, consider the structure M = (A,-)
with the same domain A, where the interpretation of constants,
concept and role names is copied from 9.  Additionally, let
EM = {d | 3d € A: (d,d') € r™*}. Tt is easy to see that N
satisfies the axiom (4.12) by construction. Furthermore, by the
definition of the translation -*, 9 = T*, and thanks to (4.12),
N = RE

(«=) Conversely, suppose M = (A, ") is a model of K*. W.lo.g.,
d € E”* only when there is d’ € A such that (d,d’) € r™¢. We
construct a structure M = (A, ™), copy-pasting the interpretation
of constants, concept and role names from 1. It is straightforward
that M |= K. O
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Lemma 4.6. For a TDL-Lite* KB K, K is consistent whenever K*
1s consistent.

Proof. (=) Let 9 = (A,-™) be a model of K. We construct a
model M = (A,-™) for K* with the same domain A. Once again,
we copy from 9 the interpretation of constants, concept and role
names. Additionally, E> = {d | 3d' € A: (d,d') € r™¢}. By
construction, 91 = K*.

(<) Conversely, suppose N = (A, -™) is a model of X*. We construct
a model M = (A x N, -7 for £ with the domain A x N. In other
words, for each natural number n we create a copy of A, and the
domain of 91 is a disjoint union of these copies.

We now define the interpretation function. For each a € obj(D),
we set a™ = (a”,0). Further, for each concept name A, d € A,
n €N, we set (d,n) € A if d € A™*. The interpretation of roles
is done in two steps. Fix a £ € Z. First, for each role r and each
d,d € A, and n € N, we let ((d,n), (d',n)) € r™*if (d,d’) € r™-.
Second, for each role r, consider any d € E”*. By (4.13) there
exist a role type R and d’ € A, such that r € R, and M, ¢ = Er(d)
and M, ¢ = Er-(d’). Then for each w € R and n € N we set
((d,n),(d’,n+ 1)) € w™*. This finishes the construction of 9.

It remains to verify that 9t is a model of K. Observe that, by
construction, for each concept name A, A™¢ = At Moreover,
for each role r, EX* = {d | 3d' € A: (d,d') € r™*}. By the
definition of - on concept inclusions, 9 = 7. Then, consider any
(d,n),(d';m) € A x N. If n = m, then the roles between the two
elements were introduced on the first step and taken from 9. By the
fact that 9t = R*, they form a role type. If n # m, then the roles
between the two elements were introduced on the second step and
by construction form a role type. It follows that 9t satisfies R. [

Lemma 4.7. For a TDL-Lite* KB K, K* is consistent whenever
K* is consistent.

Proof. (=) Let M = (A, ") be a model of K*. We construct a
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model M = (Agn, ™) of K* as follows. Let M[k] = (Amp, ") de-
note a Q7 L interpretation with Ay = Ax x {k} and the interpre-
tation function -” such that for every ¢ € Z the projection of - Mkl
on Ag coincides with - V¢t%. Further, let Agp = Ag U UkeZ Amw)-
Define - so that on obj(D) it coincides with -”', and for relation
symbols it coincides with - ™ on Ay and with - "*! on Amp). Clearly,
M is a model of K°®. To see that M is also a model of K£*, observe
that it satisfies the formula (4.13), since for each r and each ¢ € Z
it has an element (dz-,¥), such that

00 Vo (B(x) — \/ (Er(2) AER((dr-,0))  (C.1)
re€Tp(R)

is true in 9.

(<) Let MM = (A,-™) be a model of K*. We create a model
N = (A, ™) for K*. For each role type R consider the follow-
ing interpretation Mz = (Ag,-"'®). There are two possible cases.
Case A: there exists ¢ € Z and 6 € A, with §g € (€)™, Then
let Mpr = M[—¥¢]. Case B: there is no such ¢ and dr. Then let
Mp =M.

We set Ay = Aoy U{J AR and define - ™ as follows. On obj(D)
it coincides with -”. For each role type R, in Case A we set P;%1 to
be true, and d%, = dgr. In Case B we set Pg to be false, and dg?,
to be any § € Ay. For predicates, - ™ coincides with - on A and
Mr on Ag. Then N satisfies (4.14) and (4.15), hence it is a model
of KC°. O
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Proofs for Chapter 5

D.1 Proofs for Section 5.2

Lemma 5.2. For any temporal CQ q(x1, ..., xy) without O and ¢~
D,0 = q(ay,...,ax) if and only if there is a homomorphism h from
Dy to D such that h(ag,) = a;, fori=1,... k.

Proof. Consider the body ¢(z1,...,2k,u1,...,us) of ¢, assuming
w.l.o.g. that ¢ is a conjunction of temporalised atoms of the form
OPR(z1,...,2m). By definition, D,0 [ ¢(ai,...,ax) iff there are
bi,...,bs € Ap such that D,0 = p(aq,...,ak,b1,...,bs). The map-
ping h defined as h(az,) = a;,1 <@ < k, h(u;) =0;,1 <j <s, is
the required homomorphism from Dy to D. Conversely, if h is such
a homomorphism satisfying the condition h(a,,) = a;,1 < @ < k,
then we obtain b1, ...,bs by setting b; = h(u;). O

D.2 Proofs for Section 5.3

Lemma 5.4. If M halts, (IIps, G) is FO(<)-rewritable. Otherwise,
answering it is NL-hard.

179



180 Appendix D. Proofs for Chapter 5

Proof. (i) Suppose that M halts and let (5.7) be the (complete)
computation (of length m). We will show that for any temporal
database D over X:

(I1pr, D) = G(ap, ) < there exists w(x) € ezpand (I, G)
with < m + 2 variables such that D, ¢ = w(ag) (D.1)

The direction (<) is immediate. For the other direction, sup-
pose (Ilpr, D) = G(ag, £) for some ag € obj(D) and a timestamp £.
By (523) (HM, ) ): So(a07 ) and D,/ ': Ul(ao,a’) A Ug(ao,a/)
for some a’ € obj(D). Since (IIp, D) = Sp(ag,l), three cases are
possible:

(i) (IIpg, D) = O*RV(ap,?) by (5.8). Then, D, ¢, for some ¢’ > ¢,
satisfies the body of one of the rules (5.9)-(5.11) with = equal
to ag. Suppose £ > £ and D, ¢ satisfies the body of (5.9)
(the other cases are analogous). Then, since m > 0, w(x) =
O(T(x,y) NOT(x,2)) € expand (s, G), and D, L = w(ag), we
are done.

(i7) either (IIp,D) | O*NE(a',£) and D¢ E 0%Ui(ap,a’)
by (5.20) or (I, D) = O*NES2(a',¢) and D, = 0P Us(ag, a’)
by (5.21), for some transition 0(so,c,5) = (sj,€1,62). We
consider the first case only (the second is analogous). Further-
more, we assume that & = + and €; = —1 (the cases for o = 0
and €1 € {0, 1} are analogous). Then, (I, D) = NE{* (a/,¢')
for some ¢/ > ¢ and D,¢" = Ui(agp,a’) for some ¢ > £. We
suppose ¢/ > [, the alternative case is analogous. Because
(I1p;,D) E NET'(a/, ') and €1 = —1, D, ¢’ satisfies the body
of (5.12) or the next two rules in the list, with y equal to a’.
Suppose the body of (5.12) is satisfied (the remaining two cases
are analogous). Then, D | Uj(ag,d’,¥), for some a’ € obj(D).
We take w(z) = QUi(z,y) A O(Ui(y, 2) A Ui(y,z)). As ex-
plained above, D, ¢ = w(ag). Clearly, the number of variables
in wis <m -+ 2 and we are done.
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(’LZZ) D,E ': T(ao,al) A OaUl(ao,al) A <>6U2(a0,a1) and (HM,D) ':
Si(ay,£) for some a; € obj(D) and transition d(sg,a, 5) =
(siye1,€2). If either (I, D) = O*RV(ap, ), or (IIy,D) =
O*NET (d/,¢) and D¢ [ 0%Ui(ag,a’), or (Ip,D) kE
O*NE3?(da’,¢) and D, ¢ = O“Usz(ap,a’) for some a’ € obj(D),
then we are done as we can construct w(z) such that D, ¢ =
w(ap) as in the cases (i) and (7). We assume neither of the
above is the case. Observe that ¢ > ¢ and D, ¢ |= Uy(ag,a1)
implies ¢/ = ¢, for k € {1,2}. Indeed, recall that we have
D, ! = Ug(ag, a’) for some a’ € obj(D). If D, ¢ = Ug(ao,a1)
for ¢/ > ¢, then (I, D) = RV (ag, ) by (5.10)-(5.11), which
is a contradiction. It follows that « = g = 0. There-
fore, i = 1. We also require for the future that ¢/ > ¢ and
D, |= 3x. Uk(ay, z) implies £/ = 0+ ¢;. Indeed, for the sake
of contradiction, suppose there is a’ € obj(D) and ¢ > ¢ such
that D, ¢ | Ui(a1,a’) and £ # 0+ &1 (the case of k = 2
is analogous). Observe that in this case £; # —1 because
0(80,0,0) = (s1,€1,€2) is a transition. Suppose, first, 1 = 0,
then ¢ > . Then, since D, ¢ = Uy (ag,a1) and by (5.19), we
have (II;,D) = NE7!(a1,¢), which is a contradiction. Sup-
pose, now that e; = 1, then ¢/ =for ¢/ > ¢+ 1. For /' =/
we use (5.15) and for ¢/ > £+ 1 we use (5.17) to conclude
that (IIp7,D) = NE' (a1, f), which is a contradiction. We
conclude for ¢ = 1 that

(I, D) = Si(as, £)

D, (' |= 3. Uy (a;, x) implies ' = £+ ¢},

D, (' |= 3. Us(a;, x) implies ¢/ = £+ cb, (D.2)
for all # > ¢. Furthermore, we observe that there exists a par-

tial expansion w;(x,z;), containing (among others) variables
x and z;, such that

w; has ¢ 4+ 1 variables and D, ¢ = w;(ao, a;) (D.3)
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Indeed, for i = 1 we take w; = T'(x, x;) AUy (x, x;) A Us(x, 2;).
That D, ¢ = wi(ag, a1) follows from the proof above.

Suppose (D.2) and (D.3) hold for i < m. We will show that
either there is w(z) € expand(Ilys, G) with < m + 2 variables such
that D, ¢ = w(ap), or that (D.2) and (D.3) hold with ¢ + 1 in place
of i. Since (IIps, D) = Si(as, £), the following cases are possible (we
observe that (I, D) = 0*RV (a;,¢) is not possible by (D.2)):

(i) either (IIp,D) E O*NE7'(d/,f) and D, ¢ = 0%Ui(as,a)
by (5.20) or (s, D) = O*NES*(a',£) and D, £ = 0P Us(as, a’)
by (5.21), for some transition 0(s;, o, 8) = (s;,€1,€2). As-
suming that (5.20) was the case (c.f. proof of (ii) above),
(ITp, D) E NEF (a, ) for ¢/ > £, a = 4+, &1 = —1, and
that D, ¢ satisfies the body of (5.13, left) with y equal to
a’ (the alternative cases are analogous), we obtain w(x) =
wi(x, ;) AOUL(zi,y) AN O(Ur(y, 2) AU1(y, x;)), for y, z not oc-
curring in w;. By (D.3), we conclude that D, ¢ = w(ag) and
that the number of variables in w is < m + 2. We are done.

(i)) D, 0 = T(ai,ait1) A 0°Ui(ai,aiv1) A 0PUs(ai,aip1) and
(ITar, D) = Sj(aiq1,¢) for some a;41 € obj(D) and transition
(5(81',04,5) = (Sj,&l,Eg). If either (HM,D) ': O*NE?(G/,K)
and D, ¢ E 0°Ui(as,a’), or (Ilp, D) | O*NES*(d’,£) and
D,¢ = 0%Us(a;,a’) for some a’ € obj(D), then we are done
as we can construct w’(x) such that D,¢ | w'(a;) as in the
case (i) above. We assume that neither of the above is the
case. By (D.2), it follows that sgn(a;) = « and sgn(b;) = S,
therefore j =i 4+ 1. We now require for the future that ¢ > ¢
and D, ¢ = JzUi(a;41, ) implies ¢ = £+ a; + 1. Indeed,
for the sake of contradiction, suppose there is a’ € obj(D) and
¢ > (£ such that D, ¢ = Uj(a;y1,a’) and £/ # £+ a; + ;1.
Suppose, first, e = —1 (observe that by the construction
of M, we have a; > 1). It follows ¢ < ¢ < £+ a; — 1
or /' > ¢+ a;. We consider the first option only (the sec-
ond is left to the reader). Since D,¢ + a; E Ui(ai,ait1),
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by (5.12) we obtain (IIp;,D) = NE{'(a;+1,¢) and then
(I1pr, D) = O*NET (ai41,£). Thisis a contradiction. We leave
the cases €1 € {0,1} to the reader. Similarly it is shown that
¢ > £ and D, 0 | JzUs(a;t1,x) implies £/ = £+ b; + .
Recall that a;41 = b; + €1 and b;41 = b; + €2, so we have
obtained (D.2) for ¢ + 1 in place of i. Furthermore, suppose
a = 0 and 5 = + (the alternative three cases are left to the
reader). Then consider the partial expansion w;i1(z,z;y1) =
wi(x, (El) A T(xi,xlqu) A Ul(l'i,[L'iJrl) AN <>U2(.’Ei,xi+1) for Tit1
not occurring in w;. Since D,¢ &= w;(ap,a;) by (D.3), then
D, !l E wit1(ao,a;4+1) and we have also shown (D.3) for i + 1
in place of 7.

Suppose i = m. By (Ilxr, D) | Si(a;,¢) and (D.2), the following
two cases are possible in principle: (¢) above or (i7) above. Suppose
(44) is the case. By (D.2), it follows that sgn(a;) = o and sgn(b;) =
B. So, there is a transition from (sy,,sgn(am),sgn(by)) to some
(sj,€1,€2) which is a contradiction to the fact that M halts after m
steps. So (4) is the case and from the proof of (i) we obtain w(z) €
expand (I, G) with < m + 2 variables such that D, ¢ = w(ag).

(ii) Suppose now that M does not halt. We prove that
(ITps, G) is NL-hard by a reduction from the directed reachabil-
ity problem. Let G = (V, E) be a directed graph with the set of
nodes V.= {wg,...,v,}, the start node vs; and the target node
ve. Let the first n steps of the computation of M (cf. (5.7)) be
(s0,a0,b0)s- -+, (Sn,an,b,). We construct a temporal database D¢
with obj(Dg) =V x {0, ...,n}, such that v, is reachable from v, in
G iff IIp, D) = G((vs,0),0). Firstly, we add to D¢ the assertions
Ui ((ve, k), (ve, k), 0), Uy ((ve, k), (vt, k), 1) for each 0 < k < n. Then,
for each (v;,v;) € Eand 0 < k < n—1, we add to D¢ the assertions:

T (0, ) (05, K+ 1),0)
° Ul((vu ) (Uj7k+1)7ak)
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[ ] UQ(('Ui,k), (’Uj,k‘ + 1)7bk)-

We now show that v; is reachable from vy in G iff (IIp;,Dg) E
G((vs,0),0). (=) Let vy,...,v;,, be a path in G with ig = s
and i, = t. It follows by the construction of Dg and (5.9)-(5.11)
that Dg, I, 0 = Sm((vi,,,m)). Then, by (5.22) it follows that
D, 1,0 E Spm—1((vs,,_,,m — 1)). Further applying (5.22) we
obtain Dg, U, 0 E So((vi,0)) and finally by (5.23) we obtain
De, 1,0 E G((vs,0)). The direction (<) is similar and left to
the reader. O

D.3 Proofs for Section 5.4

We say that an automaton A = (S, R, s°, T, F), with the set of states
S, input alphabet R, initial state s°, transition relation 7', and the
set of final states F', admits reachability checking in NL if there is
a polynomial p(z) and one-to-one encodings u: S — {0, 1}(oslSD
and v: R — {0, 1}P0°s XD "such that:

(repr) membership in each of the sets u(S), {u(s°)}, u(F),
and v(R) is decidable in polynomial space;

(tran) membership in the set {(u(s),v(A),u(s")) | (s,A,s’) €
T} is decidable in polynomial space.

In other words, there must be a way of checking whether a non-
deterministically guessed state or transition is indeed one of A, using
space which is polynomial in the size of that guessed object.

Lemma 5.8. For any connected datalog,,, -query (I, G), the lan-
guage Expand (11, G) is regular.

Proof. We show how to construct an automaton for Expand(rw,G)
of size 2P°W(I7]) that, additionally, admits rewritability checking in
NL. The correctness of an input word can be checked by a simple
automaton of size O(1). So we will focus on an automaton that
recognises words from Ezpand(w, G) among the correct words.
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First, we construct a two-way automaton A, =
(Stws 2, Thw, Sinits Saces Srej) that simulates the rules of the pro-
gram 7. Recall that a two-way automaton has a head that can
move along the tape in both directions and sees an input word « as
F o -, where F,4¢ Q are the left and right end-markers. Initially,
the automaton is in the state s;,; with its head observing the
first letter of «, one cell to the right of the left end-marker. The
transition relation Ty, C S X (Q U {F,4}) X Sp x {—1,0,1}
prescribes the movement of the head upon assuming the next state
(=1 for one step to the left, 1 for a step to the right, and 0 for
staying on the same cell). It is assumed that there is no transition
that prescribes to move to the left of F or to the right of 4. The
automaton accepts by assuming the state s,.. and moving all the
way to the right end-marker, and rejects by either assuming the
state spe; or just never reaching s,c., €.g. by looping.

We now define Ay,. Let Sp = {s¢,s; | C € IDB(II)} U
{Sinits Saces Srej } U So, with Sinit = sg. The additional states from
So, with |Sp| = poly (|7]), will be used to perform operations such
as “move the head k steps to the right” etc.

We now describe the transitions of A,,. For every recursive rule
of 7 of the form

C(X) «+ B(X,Y,U) AOFD(Y)

and every A € Q containing the rule body B(X,Y,U) A O*D(Y),
there is a transition:

(sc, A, sp, right), if X#£Y
(sc, A, s, stay), ifX=Y

In the first of the cases above, if after the transition the head
enters a horizontal segment, it should move along until it finds a
letter containing L. In the second case, regardless of the observed
letters, the head moves |k| steps in the direction of the sign of k.
When counting, the singleton {T} is ignored, and an attempt to go
beyond the limits of the segment leads to a rejection. After this
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shift, if observing a symbol A’ such that T € A’, the automaton can
nondeterministically decide to either stay or go all the way to the
beginning of the next vertical segment. Then, it changes the state
to sp.

Finally, for every initialisation rule of 7 of the form

C(X) « B(X,Y,U)

and every A € Q containing the rule body B(X,Y,U), there is a
transition (s¢, A, Sace, Stay).

Note that |St,,| = poly (|7]). We convert Az, to a one-way non-
deterministic automaton, using the method of crossing sequences of
Shepherdson Shepherdson [1959]. Since he only describes the conver-
sion of a deterministic two-way machine to a deterministic one-way
one, and we work with non-deterministic automata, we provide the
whole construction.

Namely, let A = (S,Q, so, T, F) be a nondeterministic finite state
automaton with S = Sy, X {R | R C Spw X Stw}. The idea be-
hind the state-space is as follows. Assume A was given a word
A1 ApAgi1 .. Ay, it has read the first k& letters, reached some
state (sg, Ri), and is now observing the letter Agy;. We want that
(s,8') € Ry if and only if Ay, performing any available transition
of the form (s, Ag11,s”,—1), can eventually return to Agy; in the
state s’. That is Ry is always defined deterministically for every
ke€{0,1,...,n}, assuming Ay =, A,,11 =-. Formally, let

Ry = [T (1, 0)]" 0 Ty (-, F, -, 1)

T(R,A) = [Thu (-, A, 0) U R]" 0 Ty (-, A, -, 1)
where P(-,a,-,b) is a binary relation obtained from a 4-ary relation
P by fixing the second and the fourth arguments to the given, Q* is
a reflexive transitive closure of a binary relation @, and Q o Q' is a
composition of two binary relations.

Then, sg = (Sinit, Ro) and T is such that
R =7(R,\)

(. B A RD) €T = {<s,s’> &R
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Finally, (s, R) € F whenever s = s4... We note that every relation
R can be represented as an | Sty | X | Sty | Boolean matrix, and thus we
have (repr). For (tran), we note that a reflexive transitive closure
of such a relation or composition of two relations can be computed
in polynomial space. O

Lemma 5.9. For any connected datalogy,, -query (I1,G), the lan-
guages NotAccept(I, G) and Accept(Il, G) are regular.

Proof. Again, we construct an automaton of size 2P°%¥(I7) that recog-
nises NotAccept(Il, G) and admits rewritability checking in NL.

Let D be a temporal database and a € obj(D). We define r(a)
(and —I(a)) as the maximal (respectively, minimal) timestamp £ such
that D, contains an atom involving a. Clearly, r(a), —i(a) € tem(D)
for all a. An n-cut model of (II,D), denoted M, is a temporal
database over the joint EDB and IDB schema of II obtained as an
atomic diagram of a flat model 9t of D and II by discarding, for
every object a, all the (IDB) atoms with timestamp larger than
r(a) +n and smaller than —[(a) — n. Intuitively, 9(,) preserves
all information about 9 that is ‘reachable’ from D via a path of
length n. The following lemma allows to focus on finite temporal
databases instead of infinite models.

Lemma D.1. Let |[lI| = n. Then (I,D) E G(ay,...,ar,t) if and
only if G(ax, ..., a, ) € M,y for every flat model M of D and II.

Proof. The direction (=) is trivial, since 9,y is obtained from a
model of D and II. For the other direction, let 9 be an arbitrary flat
model of D and IT and consider M ,,y. Since G(ay,...,ar,£) € M),
it must be that M, ¢ = G(ay,...,ax,f). Since M is arbitrary, we
get (I, D) = G(ay, ..., ax, 0). O

Roughly speaking, the states of the automaton for
NotAccept(II,G) will be formed by the |II]-cut models. We
will encode them as words over an enriched version of €. The
definition is as follows. Given a rule body B of II, its enrichment
is obtained by adding to B various atoms of the form OFD(y),
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where d is an IDB, y is a variable of B and |k| < [II]. Moreover,
we define I'y . as the set of all enrichments of rule bodies of II
and Q, = 2I'meV{L T} An enrichment of a word o € Q* is a word
o € ) obtained by substituting each of rule bodies in o with
one of its enrichments. Given an enriched word ., we build a
temporal database D, just like we did it for non-enriched words.
The schema of D, is thus EDB(II) U IDB(II). We call o, legal if
Do, = My, where n = [TI|, for some model 9 of 1T and D,

Lemma D.2. Given a., its legality can be decided in PSPACE.

Proof. Recall that the objects of D,, have the form a, for y a vari-
able of a. By the definition of enrichments, a, provides information
on IDB atoms at timestamps from —I(a,) — |II| to r(y) + |II|, for
every a, € obj(D,,). Let Ty, or the timeline of a,, be the tem-
poral database (T," | —l(ay) — |II| < ¢ < r(ay) + |[H|) where T}
contains exactly the IDB atoms of a, present in D, at time £. We
say that T,, can be extended to an LTL-model under the rules of II
if there exists a model of T;,, and the set of horizontal rules of I,
that coincides with T, for £ € tem(7Ty, ).

Our goal is to decide whether there exists a flat model 9t of D
and II such that for n = |II| we have Do, = M,). The critical ob-
servation is that the rules of IT whose bodies involve EDB atoms can
only be used to infer IDB atoms at timestamps within the distance
of at most |II| from the borders of tem(D). Thus, the condition
D,, = M) is equivalent to the conjunction of the following two
statements:

1. D, satisfies all rules of II;

2. for every a, € Ap,_, its timeline T;,, can be extended to an
LTL-model under the horizontal rules of II.

A direct check of the first condition fits into PSPACE. For the second
condition, we use the standard LTL satisfiability checking algorithm
Manna and Pnueli [1991], also working in polynomial space. O
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Let us return to proving Lemma 5.9 and build the respective au-
tomaton A, for NotAccept(Il, G). A word « is in NotAccept(Il, G)
if either it is not correct, or (II, Dy) = G(ay, 0). The first condition
can be checked by a simple automaton of size O(1). The second
condition, by Lemma D.1, means that there exists a |II|-cut model
My of D, and II such that G(a,,0) ¢ M(,). The idea, adapted
from Cosmadakis et al. [1988], is to construct a nondeterministic au-
tomaton, that, given «, verifies that it satisfies the second condition.
Namely, it guesses an enrichment a, and checks that: (i) it is legal,
(ii) it does not contain G(z,0).

The difficult part is (i). By Lemma D.2, the legality of . can be
checked in polynomial space. However, we need to do it via a finite
state automaton, i.e. in constant space. In doing this, we rely on the
connectedness of II. Intuitively, a. is legal if all timelines can be ex-
tended to LTL-models and, moreover, every ‘neighbourhood’ in D,
of ‘size’ |II| satisfies the rules of II. We now give a precise definition
to the notion of ‘neighbourhood’. Let o € Q* be a correct word,
and o, = Ag ... Ay, A; € Q., be its enrichment. We define an undi-
rected graph G,, = (Va,, Eo,.) so that V., = {i | A; letter of a.},
and E,, is as follows. Respective nodes are connected by an edge
for any two consecutive letters of the same vertical or horizontal
segment. If z; is a vertical segment and y; is a horizontal segment
that follows z;, then the node of the last letter of x; is connected
to that of the letter of y; that is marked by L. Similarly, the node
of the letter of y; that is marked by T is connected with that of the
first letter of the subsequent vertical segment x;11. The distance
between two letters of . is that between the corresponding nodes
in G,,, and the d-neighbourhood of the letter A; in ., for d € N,
is the word Ny4(i, @) obtained from «a. by omitting all the letters
that are at distance more than d from A;. We further define the left
d-neighbourhood of A; as its d-neighbourhood in the word Ag ... A;.
The key observation is the following, given the connectedness of II.

Lemma D.3. An enrichment «. is legal if and only if for every
letter A; in ., its neighbourhood N4(i,a.), d = |II|, is legal as an
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enriched word over €.

We further observe that for every letter A;, the neighbourhood
Ny(i, a) is contained in the left 2d-neighbourhood of the rightmost
letter of a, that belongs to N4(i, a.). Thus, reading a. left to right,
it is enough for A,, to ensure that every left 2d-neighbourhood is
legal for d = |II|. To do so, the automaton can remember in its
state, at every moment, the left 2d-neighbourhood of the current
letter and reject once it encounters a non-legal one. When reading
a vertical segment, it suffices to remember the left neighbourhood
of the previous letter and update it accordingly for the current one.
In the case of reading a horizontal segment, left to right, the left
neighbourhood changes substantially once we pass over the symbol
1. To handle this, A,,, must know both the left neighbourhood of
the previous letter, as well as that of the last letter of the preceding
vertical segment. Both can be described by the respective words
over 2.

It remains to show that A,, admits rewritability checking in
NL. Clearly, every enriched letter A € €, can be encoded by a
binary sequence of polynomial length. The word of enriched letters
that describes a left 2d-neighbourhood, for d = |II|, is thus also
representable in space poly (|II]). Then the property (repr) is given
by Lemma D.2; and that of (tran) is given by construction of A,,.
This proves Lemma 5.9. O

D.4 Proofs for Section 5.5

Lemma 5.11. If a query is vertically unbounded, then it is L-hard.

Proof. Since Ezpand(II,G) C Accept(Il,G), and (II,G) is verti-
cally unbounded, for any k there is a word a € Accept(Il,G),
height(a) > k, such that the longest prefix of « of height k is in
NotAccept(I1,G). Let Ap,g be the deterministic automaton that
recognises Accept(Il, G) (Lemma 5.9). By flipping its final states we
obtain a deterministic automaton for NotAccept(Il, G) with exactly
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the same set of states and transition relation. For any k, let Sy, v be
the words such that height(8y) = k, height(~yx) > 0, the first segment
of vy is vertical, By € NotAccept(Il,G), and Bryr € Accept(Il, G).
Furthermore, let si* be the state of A ¢ that is reached upon read-
ing the mth vertical symbol of B;. If k is sufficiently larger than
the number of states of Ar, ¢, then there must be a repetition in
the sequence s,lc, .. .,51,271. Let 4,5 be such that s}f = si, and let &
be the part of B; from the beginning till the i-th vertical symbol,
v the part from that point till the j-th vertical symbol, and {—the
remaining part. Then these words have the following properties:

1. height(&v) < k, height(v) > 0;

2. for any i > 0 we have £v'¢ € NotAccept(Il,G) and £viCy €
Accept(I1, G);

3. words &, v, and (v are correct.

The latter property is ensured by the fact that the last symbols of
& and v are vertical, so we never ‘cut’ inside a horizontal segment.

For a correct word a, D, always contains the object a, corre-
sponding to the answer variable of the temporal CQ «a(z). If «
contains an IDB atom D(y), we denote that y by y, and, moreover,
we write ¢, for the timestamp at which D’(y,) would appear in
D, if we substituted D with a new EDB predicate D’. Finally, let
width(a) = [tem(D,)|.

Now we are ready to give a reduction from the undirected reacha-
bility problem. Let G = (V, E) be an undirected graph and s,p € V.
We build a temporal database Dg with so € objDg), so that
(I, Dg) = G(s0,0) if and only if s and p are connected by a path
in G. Assume w.l.o.g. that (v,v) € E for every v € V and let
Vi ={v; | v € V} be a copy of V indexed by i € N. The domain
of Dg will be the union of V; for 0 < i < |V, plus some auxiliary
objects. First, add a copy of D¢ to Dg so that y¢ at time £ in D is
glued to sp at time 0 in Dg. In the same fashion, for every (u,v) € E
add a copy of D, gluing x at 0 to w; at i - width(v) and y, at £, to
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Vi1 at (i +1)-width(v), for every ¢ from 0 to |V| —2. Do the same,
connecting v; and u;41. Finally, add a copy of D¢, to Dg so that x
at 0 of D¢, is glued to py—1 at time (|V| — 1) - width(v) of Dg.

It is not hard to see that if s and p are connected in G, then
(I, Dg) = G(s0,0). For the other direction, note that (II, Dg) =
G(s0,0) means there is w € expand(Il, G) and a homomorphism &
from D,, to Dg that maps a, to sg. If there exists a variable z of
w such that a. is mapped to pjy|—; (at any moment of time), we
are done, since II is connected. Otherwise, if no variable is mapped
to pjy|—1, and hence to any node of the copy of D¢, attached to it,
we note that, by construction, there exists an m and a homomor-
phism g from D,, to De,m with g(az) = so. Thus, £&0™ would be in
Accept(I1, G), a contradiction. O

Lemma 5.12. If(I1, G) is vertically bounded, then the data complez-
ity of answering (II, G) coincides with that of checking membership
in Accept(Il, G), modulo reductions computable by constant-depth
circuits.

Proof. We first give a reduction from the decision problem for
Accept(Il, G) to answering (I, G). Given a word a € Q*, check-
ing that it is correct can be done in AC’. For a correct word,
construct D,. Then, by definition, (II, D,) = G(z,0) if and only if
a € Accept(I1, G).

The reduction from answering (II, G) to deciding the language
Accept (I, G) is more involved. W.l.o.g. we will consider answering
the query for £ = 0. Recall that (II, D) = G(a,0), for some D, a,0,
if and only if there is a € Expand(Il,G) and a homomorphism h
from D, to D with h(a,) = a. Since (II, G) is vertically bounded,
by definition there exists a number k, uniformly for all expansions,
such that the longest prefix of a of height k is in Accept(Il, G).
Then we arrive to the following characterisation: (D,II) E G(a,0)
if and only if there exists a tuple (u1,po,...,un) of words in Q
composed of vertical letters and such that ||+ -+ + |un| < k, and
a tuple (v1,vg,...,v,) of words composed of horizontal letters, so
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that the word a = pqvy . .. pupv, belongs to Accept(Il, G) and there
is a homomorphism D, — D which maps a, to a. We observe that
there is a finite number of the tuples of the form {u1, s, ..., 1)
with 1] + -+ + |un] < k. We further note that Accept(IL, G, k), by
definition, is closed upwards under the relation <: if o < [, then
B € Accept(Il, G, k). Thus, checking (D,II) = G(a,0) is reduced to
a search in D for a tuple (u1,. .., uy,) of vertical words of joint height
k and a <-maximal tuple (v1,vs,...,v,) of horizontal words such
that pivy ... ppv, € Accept(Il, G). The search can be done in ACP,
so the complexity of the whole procedure is determined by that of
the decision problem for Accept(I1, G). O

Lemma 5.13. Checking if a connected datalogl% query is vertically
bounded is in PSPACE.

Proof. We take the automaton A,, for NotAccept(Il,G), con-
structed in Lemma 5.9, and the (one-way) automaton A, for
Ezpand (11, G) from Lemma 5.8. Let A, be their Cartesian product.
Then A, is [II]-manipulatable. The condition that we need to check
on A, is the following:

(*) For every k there is a word 8 € NotAccept(Il,G),
height() = k, and a word +, height(y) > 0, such that
the first letter of v is vertical and v € Ezpand (11, G).

In Ay, call a transition vertical if it is performed upon reading a
vertical body and horizontal otherwise. Then (x) is true if and only
if there is a state g of A, that is accepting for A,, and that has
two features:

1. There is a path from the initial state of A,; to ¢ that contains
a cycle such that there is at least one vertical transition in that
cycle.

2. There is a state ¢’ and a vertical transition from ¢ to ¢’, and
a path from ¢’ to an accepting state of A..
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Due to |II|-manipulatability, looking for paths and cycles can be
done on the fly in nondeterministic space polynomial in |TI|. Since
NPSPACE = PSPACE, we are done. O

Lemma 5.14. Deciding boundedness of connected linear monadic
queries in plain datalog is PSPACE-hard.

Proof. Let p be a polynomial and M a Turing machine that, given
an input y, works in space p(Jy|). Let S denote the set of states of
M and I'—its tape alphabet. Let x be a word in the input alphabet
of M. In the computation of M on x, encode every configuration by
a word over the alphabet I'y = (I'U (T' x 8))P{#D in the standard
way, and the computation itself as a concatenation of these words
separated by the symbol # ¢ T.

Introduce a unary EDB relation @, for every symbol a € 1"# =
Ty U {#}, a unary EDB relation First and a binary EDB relation
Next to encode words over F# . For example, the word abc is encoded
as First(a), Qq(a), Next(a,a), Qp(a’), Next(a',a"), Q.(a”).

We define a connected linear monadic program Il , with two
IDBs G (as usual, for Goal) and F (for Finger), so that (I, G) is
bounded if and only if M accepts z. We note that (Ilxsz, F') will be
always unbounded and thus we are talking about query boundedness,
but not program boundedness.

Assume without loss of generality that M halts on z if and only
if it accepts. The idea is to let F' start from the First symbol in an
encoding of M’s computation on x and to slide along this encoding
until a wrong transition is found. The idea is that all configurations
have the same length p(|x|). If d represents a tape cell in the current
configuration, we can access the object that represents the same cell
in the next one by a path of length p(|z|) along the relation Next.

First, we derive G immediately if the first configuration is not the
initial one, i.e. not the one that has the word x followed by p(|x|)—|z|
blank symbols, and then a #, with the machine observing the first
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symbol of z:

G(z) + Next(x,x1) A Next(x1,x2) A+ A Next(zp—1,25) A Qalxg),
(D.4)
for every k from 0 to p(|z|) and every a € F# which should not be
in the kth place of the initial configuration.
Having ensured that we are observing the initial configuration,
we begin the slide:

G(z) < First(z) N F(x). (D.5)

Recall that there exists a 6-ary relation R such that if v =
aj ... ap(g)) is a configuration encoding and v = by ... by(1z)), bi € To,
then v is an encoding of the subsequent configuration of w if and
only if (ai,aiﬂ,ai+2,bi,bi+1,bi+2) e R 1<t < p(‘l‘|) — 2. Let
R#* = RU{#} x T2 UT2 x {#}. We infer F(z) every time there is
an outgoing path of Next such that the three letters at x and those
at distance p(|z|) on this path do not belong to R¥:

F(x) + Next(x,21) A -+ A Next(Zp(|z))+1> Tp(|z|)+2)
Qa('T)/\Qb(ml)/\QC(I'Z)/\Qd(xp(Lr\))/\Qe(xp(|x\)+1)/\Qf(xp(\ac|)+(2]%v )
.6

for all tuples (a,b,c,d, e, f) ¢ R¥. Furthermore, we infer F if there
are more than one letter in a tape cell:

F(z) + Qu(x) A Qp(z), for a #b. (D.7)

Finally, we move F forward along Next, provided that the objects
are labelled with some letters at all:

F(z) « Qa(x) A Next(z,y) A Qu(y) A F(y), (D.8)

for all a,b € TF.
Given a database D over the EDB schema X = {Q, | a € T} U
{First, Next}, we call a tuple (ag,...,ar_1) € obj(D)* a Next-path
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of length k if Next(ap,a1), ..., Next(ag—2,ar—1) € D. We say that
it is labeled by a word u € (I‘#)k ifu=ap...ax_1 and Qq,(a;) € D.
Note that a Next-path may be labeled by more than one word.

Let w;pn;+ be the encoding of the initial configuration, I, be the
set of rules defined in (D.4)—(D.8), and D a database over ¥ with
ag € obj(D). Suppose, (II, D) = G(ap). There are two possible
cases. The first is that, by rule (D.4), there exists a Next-path
of length at most p(|z|) + 1 starting at ag and labeled by a word
u which is not a prefix of w,;#. Otherwise, First(ag) € D and
(I1, D) = F(ag). In the latter case there is w € expand(Il, F') such
that D | w(ag). Let w be the shortest expansion with this property.
Then, from the form of the expansions of (II, F') we conclude that no
prefix of w is in accept(I1, F'). Let x, x1,. .., Tk—1,xk be the variables
of w in the order of appearance and h be the homomorphism from
Dy, to D, with h(z) = ag and h(z;) = a;, 1 < i < k— 1. Then
(ag,...,ar—1) is a Next-path in D which is labeled by a unique
word u. Let u’ be the prefix of u ending at the last # in w. Then o/’
is a prefix of an encoding of the full computation of M on z. The
fact that it is a prefix of such is ensured by that any Next-path of
length p(|z|) starting in ag is labeled by an encoding of the initial
configuration.

Thus, if M halts on z there is only finitely many possible «’ and
(I, G) is bounded. Otherwise, it is unbounded. O

Proposition 5.15. For every connected data]ogﬁn query (I, G)
there exist a datalog query (Ily, G) and LTL query (II;,G), such
that:

1. (I1, G) is vertically bounded if and only if (Ilg, G) is bounded;

2. if (I, G) is vertically bounded then the data complexity of an-
swering it coincides with that for (Il;, G).

Proof. Fix a linear connected query (II,G). By Lemma 5.9,
there is a deterministic finite state automaton, denoted Am g =
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(S,Q, 80,0, F), that recognises the language Accept(Il,G). We in-
troduce an IDB S; for each s; € S. Moreover, for every A € Q we
have a unary EDB relation A and an additional unary EDB End to
mark the end of the word. Then II; is a program composed of the
following rules:

G(z) + So(x), for the initial state sq (D.9)
Si(z) < A(x) AN OSj(x), for every transition d(s;, A) =s; (D.10)
Si(x) < End(z), for every s; € F (D.11)
S;(x) + A(x) AN (z), for every s; € S and A # A'. (D.12)

By construction, (II;, D) = G(a,£) if and only if there exists ¢ > ¢
such that:

1. for all [,£ <1 < ¥, there is A; € Q such that A(a,l) € D;

2. either there is [, ¢ < 1 < ¢, such that A(a), A’ (a,l) € D for two
different A, A’, or End(a,{) € D and the word ApApsq ... Ap—1
belongs to Accept(I1, G).

The first property is checkable in AC?, and the second coincides
with the decision problem for Accept(Il, G).

For II;, we introduce a binary EDB A(z,y) for every vertical
letter of €, and skip the horizontal letters. The rules are as follows:

G(z) < So(x), for the initial state sq (D.13)

Si(x) < Az, y) A Sj(y), for every transition é(s;,A) =s; (D.14)
with a vertical letter A

Si(x) < True, for every s; € F (D.15)

Si(x) « S;j(y), whenever §(s;, ) = s; (D.16)

for every word a composed of horizontal letters.

It remains to prove that (Il4, G) is bounded whenever (II, G) is
vertically bounded. So assume that (II, G) is vertically unbounded.
Then for every k there is a € Ezpand(Il,G) C Accept(Il, G), such
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that height(a) > k and if 8 is a prefix of « of height(k) then 8 €
NotAccept(Il,G). Let p € expand(Ily, G) correspond to the run of
Amn,c on a and p’ be its prefix corresponding to that on 5. By
construction, p’ € notaccept(Ily, G), and, moreover, |p| > k and
|p'| = k. Since k is arbitrary, (II4, G) is unbounded.

For the other direction, let (II;,G) be unbounded and
p € expand(Ily,G) be such that its prefix of length k is in
notaccept(Ily, G). Take the a € Accept(Il, G) that corresponds to
the run of Ay ¢ represented by p. Let 8 be the longest prefix of
« of height k and p’ be the prefix of p that corresponds to the run
of A, on 8. Then |p'| = k, and thus the related run is not ac-
cepting, hence 8 € NotAccept(Il, G). Thus, for every k we found a
word ay € Accept(Il, G) of height greater than k, so that any pre-
fix of ay, of height k is in NotAccept(Il, G). To finish the proof we
need to show that such an aj, can be found in Fzpand(Il, G). Since
ay € Accept(I1, G), there is v € Frpand(Il, G) and a homomorphism
from D, to D,, mapping a, to a,. Take £ = md + 1, where m > 0
and d is the diameter of II. Then any ~ of height less then m would
be mapped fully if the prefix of ay, of height k. Since the latter is in
NotAccept(I1, G), the height of ~y is greater than m. By the same line
reasoning, the prefix of v of height m is itself in NotAccept(Il, G).
Since m is arbitrary, we are done. O
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